Abstract
The present thesis is devoted to study the effect of thermal fluctuations on small
systems driven out of equilibrium. Transport properties and macroscopic crucial
thermodynamic concepts and ideas like the second law will be revisited and discussed on mesoscopic grounds. In particular, the thermodynamic properties of
idealized small machines will be characterized, paying special attention to twotemperature Brownian motors and the conditions for the attainability of Carnot
efficiency. Moreover, other type of Brownian devices also based on the ratchet
effect will be analyzed under the name of Brownian pumps. Macroscopic quantities like the work applied externally to a system or the heat dissipated into a
thermal reservoir will be exported to stochastic descriptions, in which fluctuations
are present and relevant. In characterizing the nonequilibrium behavior (and further than just considering the first law at the level of stochastic trajectories), we
will illustrate the physical meaning of a generalized entropy at such level. Then,
instead of just focusing on mean values, further theoretical progress on the fluctuations themselves will be possible through the so-called fluctuation theorems,
which basically constrain the properties of probability distributions of work, heat
and entropy. Ultimately, from such coarse-grained mesoscopic descriptions, our
investigations will try to reveal the meaning of equilibrium and to scrutinize the
nature of irreversibility.
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gràcies a persones, coses i moments...
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General introduction
Πάντ α ρ́ǫι̂
(everything is in a state of flux)
Heraclitus of Ephesus

0.1

Background

The greek philosopher Parmenides of Elea (520 BC - 450 BC) believed that the
existence of a thing implied that it could not have ”come into being”, because
”nothing comes from nothing”. In his own words, ”for never shall this prevail,
that things that are not are.” From this conception on nothingness, he strongly
denied the ”the void” since he identified it with ”nothing”. Therefore, he argued
for the impossibility of movement, because one must move into ”the void” and the
void does not exist. Stimulated by and in opposition to Parmenides’ arguments,
Leucippus proposed that everything in the universe is either atoms or voids. Such
atomistic theory of matter was put across by his great disciple Democritus (460
BC - 370 BC). Instead, Aristotle (384 BC - 322 BC) was contrary to Leucippus.
He said the ”nature abhors a vacuum”, since in a complete vacuum, motion would
encounter no resistance, and thus infinite speed would be possible, something which
he would not have found acceptable.
Although many centuries had past, such discussions on rather difficult ontological concepts gave Otto von Guericke (1602-1686) an impulse to build the world’s
first vacuum pump in 1650; the so-called Magdeburg hemispheres. A few years
later, in 1656, and inspired by such designs Robert Boyle and Robert Hooke built
an air pump, with which they realized that the pressure, temperature and volume
of the gas were correlated. Boyle’s Law was thus formulated, stating that pressure
and volume are inversely proportional. Afterwards, some other inventions based
on those preliminary machines were slowly but progressively created. It was in
the early 19th century when the industrial revolution raised the need (and thus
the interest) in increasing the efficiency of heat steam engines. From those seminal studies of how energy could be extracted between physical systems as heat
and work the branch of physics called thermodynamics was born. The origin of
11
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Figure 1: ”Waterfall” by M. C. Escher (1898-1972). Artistic impression of an impossible construction that would extract work from a closed and continuous water
stream.

the word consists of ”therme”, which means heat or energy in transfer, and ”dynamis”, which can be translated as power or movement, thus it basically concerns
the study of how a difference of temperatures can transfer energy to create work. In
fact, work was first defined by Sadi Carnot (1796-1832) as ”weight lifted through
a height”, who in 1824 wrote a theory for heat engines [1] that can be considered
as the first treatise on thermodynamics and, at the same time, as the preliminaries
of the second law. Rudolf Clausius (1822-1888) formulated it in a mathematical
[2] form by introducing the concept of entropy and stated that the total entropy
of a closed system cannot decrease in time. In the spirit of Carnot and in words
of Lord Kelvin (1824-1907), another way of expressing concisely such principle in
terms of operations in a thermal motor is that it is impossible to convert heat
completely into work (without affecting the rest of the Universe). Many attempts
have been presented in order to design real machines in go on forever. However,
they do not work in reality. A figurative example of such ”perpetuum mobile” is
shown in figure 1.
The upper bound for such operation can be worked out in detail from the
functioning of the celebrated Carnot engine, whose efficiency is
ηC = 1 −

Tc
,
Th

(1)

where Tc and Th account for the temperatures of the cold and hot heat source

13
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respectively. Classical thermodynamics then developed and indeed became a consistent theory that described macroscopic systems in equilibrium and from a phenomenological point of view. Surprisingly, the great number of particles of which
a macroscopic system is composed (which is of the order of the Avogadro number
NA ≃ 1023 ) could be described with only a few variables like energy, temperature

or pressure.

Such a successful methodology to study macroscopic systems was soon planned
to be exported to out of equilibrium states, under the name of thermodynamics of
irreversible processes. The expressions were still phenomenological but, thanks to
the local equilibrium and the continuity hypothesis one could write conservation
equations, such as the famous Navier-Stokes equation for hydrodynamics:
ρ

∂~v
~ · ~v )~v = −∇ρ
~ + µ∇2~v .
+ ρ(∇
∂t

(2)

Similarly, one could write expressions for macroscopic ”fluxes” and related them
with thermodynamics macroscopic ”forces” in a simple manner. An example is the
well known Fourier’s law,
~
J~Q ∼ ∇T,

(3)

that relates heat flow with a given temperature gradient. Other examples are Fick’s
law for mass transport or Ohm’s law for electric currents, which have identical
structures. In fact, close to equilibrium, such approximation of linear dependence
of the flux with respect to the driving force turns out to be very good and faithful
to empirical observations.
More generally, Lars Onsager (1903-1976) was one of the most celebrated exponents of the field, contributing in a decisive manner. He produced the Onsager
reciprocal relations [3, 4] in 1929. Given two general (coupled) fluxes J1 and J2 ,
induced by two forces X1 and X2 ,
J1 = L11 X1 + L12 X2

(4)

J2 = L21 X1 + L22 X2 ,

(5)

he proved that the proportionality coefficients of the crossed terms ought to be
equal:
L12 = L21 .

(6)

So, the matrix of couplings (which basically includes phenomenological coefficients)
in order to be consistent with thermodynamics, must have some interesting symmetry relations. When going into more details, one sees that such reciprocity relation
comes from the reversibility of microscopic mechanics. So this is an intriguing way
of explaining macroscopic irreversibility from microscopic reversibility.

14
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A more ambitious program was developed by the kinetic theory, where macroscopic properties of gases such as their evolution towards equilibrium, coefficient
transports, etc. were sought directly from the microscopic physics, just from the
whole constituents of a single system (not ensemble copies). The main theoretical
objects were distribution functions which measured the number of molecules that
have a certain position and velocity within a range. It is necessary that in every
volume element there are many particles so that performing statistics makes sense.
From Liouville’s equation,
∂ρN
+ {H, ρN } = 0,
∂t

(7)

where H is the Hamiltonian of the system, we know how the distribution of position
and velocities of the N particles, ρN , behaves. Since N is typically very very large,
one tries to get treatable equations by considering reduced distributions, which
involve less and less particles; n < N . One starts with the distribution for only
one particle and builds up system of coupled differential equations (called the
BBGKY hierarchy) for ρn . Such hierarchy is not solvable unless one cuts it at
some point with a suitable approximation. Ludwig Boltzmann (1844-1906) did
it supposing binary collisions only (and thus dilute gases) and also imposed the
famous ”Stosszhlansatz” or hypothesis of molecular chaos:
ρ2 (~v1 , ~v2 , t) = ρ1 (~v1 , t) · ρ1 (~v2 , t),

(8)

which implies that correlations are broken. After some calculations, he then arrived in 1900 to his famous equation that dictated the probability distribution of
positions and velocities of interacting particles in a gas. Many physical relevant
results can be obtained. First, one can calculated transport coefficients. Second,
irreversibility arises even though we started with the reversible Liouville equation,
as it was shown through the famous H-Theorem, valid out of equilibrium. It states
that the function
H(t) ≡

Z

ρ(~v , t) ln ρ(~v , t)d3 v,

(9)

is always a monotonous decaying function in time:
dH(t)
≤ 0.
dt

(10)

The equal sign holds in equilibrium and leads to ρ being the Maxwell-Boltzmann
distribution. It could be considered as a generalization of the entropy to nonequilibrium. Zermelo in 1896 and Lochsmidt in 1876 presented paradoxes against
Boltzmann results. They were puzzled by the fact that the arrow of time derived
by Boltzmann was in apparent contradiction with the microscopic reversibility of

15
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the constituents used in the derivation of the H-Theorem. In fact, the hypothesis
of uncorrelated statistics breaks the temporal symmetry of the system and thus
an irreversible behavior can arise. Independently, H. Poincaré (1854-1912) ensured
with his famous theorem that it was all a matter of time-scales and how long one
should have to wait in order to very unlikely phenomena. This deep discussion was
centered on the impossible and on the improbable. By the way, the atomistic nature
of matter was not clear at that time and such kinetic theory was the strongest
support to the mechanical-corpuscular theory, and against energeticists. It was
then able to explain the behavior of the macroscopic world supposing that it
was formed by very small particles that would obey the equations of classical
mechanics. Furthermore, it began to be clear that fluctuations were important in
order to understand how the macroscopic world arises.
J. C. Maxwell (1831-1879) was also a pioneer of the kinetic theory of gases. He
had formulated such theory in 1886 independently from Boltzmann. In particular,
his famous Maxwell distribution gave the fraction of gas molecules moving at a
specified velocity at any given temperature, where it was stressed that temperature and heat involve only molecular movement. The previously established laws
of thermodynamics could be explained and generalized and better observations
and experiments were performed. The thought experiment on the Maxwell’s demon came into being from such new vision of thermodynamics with a microscopic
kinetic perspective (see figure 2). Maxwell invented a creature that would select
those particles that where at a higher speed and, accordingly, would open a small
trap that separated two containers. The paradox is then that the temperature of
one container would increase at the expense of a decrease in the other container,
challenging the second law of thermodynamics. Obviously, one has to consider the
energy used by the demon and also the entropy produced when managing the
information on the positions and velocities of the particles.
Boltzmann gifted physics with an even more relevant contribution (which indeed derives from his H-Function results): he laid the microscopic foundations of
thermodynamics, by giving a probabilistic interpretation based on the motion of
molecules. His famous formula is
S = k ln W.

(11)

W is the ”Wahrscheinlichkeit”, the frequency of occurrence of a macrostate or,
more precisely, the number of possible microstates corresponding to the macroscopic state of a system. Thus, the above equation related the internal microstates
of a system with the macroscopic entropy S of thermodynamics. The constant k
(also denoted as kB ) is the so-called Boltzmann’s constant, relating energy and

16
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Figure 2: Scheme of Maxwell’s demon, thought microscopic experiment on the
possibility of violating the second law of thermodynamics. The demon is ”a being
whose faculties are so sharpened that he can follow every molecule in its course,
such a being, whose attributes are as essentially finite as our own, would be able
to do what is impossible to us”.

temperature at the particle level. Note that it has units of entropy. Its value is
k = 1.3806505 · 10−23 JK −1 .

(12)

Equilibrium statistical mechanics was then born.
J. W. Gibbs (1839-1903) was the one who took Boltzmann’s seminal formula
and really laid the foundations of the theoretical connection between mechanics
and thermodynamics. His abstract theory on ensembles (1902), although only valid
in thermodynamic equilibrium, was very general and powerful. It allowed to study
any macroscopic system given that its microscopic constituents and interactions
were well defined. The goal and great success of statistical mechanics was to link
the microscopic physics, with the macroscopic world, which was already studied
by thermodynamics. Apart from the theoretical mental image that such framework offered, statistical physics provided many and notable practical results. The
properties of classical real gases could be described in detail only with classical
concepts. Magnetic systems could be studied too. Low temperature phenomena
could be reasonably well explained. Moreover, phase transitions and critical phenomena can be understood from such framework, noticing why some microscopic
details become irrelevant neat the critical point.
Parallel to those theoretical developments, Albert Einstein (1879-1955) wrote
his famous article on Brownian motion in 1905, where the first fluctuation relation
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for a sedimenting suspension under the influence of gravitation was given [5]. The
adjective Brownian comes from the botanist R. Brown (1773-1858) who observed
the random movement of pollen suspended in water and wrote an article ”on the
particles contained in the pollen of plants and on the general existence of active
molecules in organic and inorganic bodies”. As a matter of fact, Brown thought
that such jiggling had to do with an animated state of the particles as being a
living object. Going back in time for a moment, let us mention that L. Lucretius
(99 BC- 55 BC) had already described, in his famous poem ”The Rerum Natura”,
that ”all bodies of matter are in restless movement”, and that ”no rest is given to
first bodies..., but driven on rather in ceaseless and varied motion...”. Returning to
Einstein’s result, it was the cornerstone to abandon other theories different from
the atomistic one. It read
D=

kB T
kB T
=
γ
6πλR

(13)

where D is the diffusion coefficient for a substance made of small spheres of radius
R in suspension inside a fluid of shear viscosity λ. γ is then the effective friction
coefficient. Einstein’s work revealed that (Gaussian) fluctuations determine essential properties of equilibrium systems like transport coefficients. Harry Niquist
(1889-1976) continued such study on fluctuations and applied the calculus of noise
to electrical circuits. A practical way of including the effect of such fluctuations
was given by Paul Langevin (1872-1946), who was actually more famous for his
contributions to paramagnetism and diamagnetism. With reference to fluctuations
he wrote a noise term ξ(t) in Newton’s second law:
mẍ = F + ξ(t) − γ ẋ.

(14)

Then, from a mechanistic point of view, the effect of the surrounding fluid (fluctuations of the random kicks and the friction) was captured by a random force
ξ(t). This fluctuation term should be accompanied by a dissipation one, which is
introduced as −γ ẋ. Its properties are so that, in equilibrium diffusion is related

with friction for a given temperature, as in (13). In particular, the correlation of
the noise is hξ(t)ξ(t′ )i = 2kB T γδ(t − t′ ), which was the precursor of a more general

result: the Fluctuation-Dissipation Theorem. It is an extremely useful result that
applies to many fields of physics and that formally relates the response function
with the correlation function, allowing to extract microscopic information from the
properties of fluctuations.
Apart from these progresses, there are not many more results regarding fluctu-

ations and nonequilibrium systems. Whereas, from a fundamental point of view the
Boltzmann-Gibbs distribution gives a complete description of any system in equilibrium with a large heat reservoir, there is not an analogous self-consistent, com-
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Figure 3: Image of pollen grains. The smallest ones are around 6µm (0.006mm)
in diameter. At this length scales, and when the typical energy involved is of the
order of a few kB T , such a set of elements can be called a ”small system”, in
the sense that fluctuations are relevant. Note that no need for quantum effects is
required in order to have a small system.

plete and fundamental theory for nonequilibrium states. Very recently (ten year
ago), interesting results named as fluctuation theorem were developed. For small
driven systems (see figure 3), in which fluctuations are important, recent progress
has been made under the so called fluctuation theorems. They typically constraint
the properties of the distribution p(s) of entropy s produced in a nonequilibrium
excursion. They read
p(+s)
= es/kB .
p(−s)

(15)

This has been possible due to the advances in experimental techniques which now
allow for the manipulation of micro-meter beads applying and measuring forces
of the order of pico-Newtons and length scales of the order of nano-meters. Such
systems with a few degrees of freedom and embedded in a bath with a well-defined
temperature can be perturbed externally by means of mechanical forces, driving
these degrees of freedom out of their equilibrium (while still in contact with an
equilibrium bath of well defined temperature). Due to the role of fluctuations,
measuring work or heat in such systems implies obtaining probability distribution
of such stochastic quantities, which are only observable in small systems. Such
fluctuation relations seem to shed some light on the nature of irreversibility.
Despite all the above approaches, nonequilibrium is not well understood so
far. Who knows whether we will have to wait more than twenty centuries again
(like the time it took from Parmenides’ idea to Boltzmann’s formula) in order to
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perceive the real significance of physics out of equilibrium. We, physicists, have just
found a collection of different approaches, methods, frameworks, approximations
and perspectives that are useful for solving specific problems. Let us see what the
future holds...

0.2

Structure of the thesis

The layout of this thesis is the following. Its main body is divided in three big
parts, each of which is in turn subdivided in several chapters. Whilst all three
blocks are concerned with the nonequilibrium properties of small systems immersed
in a thermal bath, the first and second parts deal with Brownian machines and
their efficiencies and the third studies more generic properties of nonequilibrium
fluctuations. Regarding the chapters, they are short enough to be easy-to-read
but still they hold a self-consistent result which does not depend strongly on the
previous ones. In this way, the reader can move through independently and read
individual chapters at will in a disordered fashion. Let us also mention that it may
happen that there is overlapped notation used in different chapters. Reading them
one after the other, however, provides a comprehensive doctrine of investigations
and, furthermore, it roughly coincides the real chronological development with
which they were carried out. Each part and each chapter is adequately motivated
and connected with previous findings. In fact, we envisage the reading of the
thesis as an exciting novel that has a history starting with the famous Feynman
ratchet and pawl machine and that ends, after many adventures, grasping the
more profound basis of irreversibility and the behavior of systems at small scales.
We also wish to note that, at the end of the thesis, after the outlook, there is
a summary of the thesis in Spanish, which is due to internal regulations of the
University of Barcelona.
The original results that will be presented in this thesis focus on two main
aspects: principles of thermodynamics from the perspective of fluctuating small
systems and nonequilibrium constraints on probability distributions of energetic
quantities imposed by the so-called fluctuation theorems. They will be described
theoretically by means of the Langevin approach. See equation (14) and figure 4.
Let us be a little more explicit in its structure and how it is arranged. Our goal
is to investigate transport, energetics and fluctuations of Brownian devices out of
equilibrium. In Part I, we will study Brownian motors whose input of energy is a
temperature difference. Such devices are immersed in a thermal bath and, since
they are small, thermal fluctuations really affect their behavior. The ratchet effect
is responsible for the appearance of directed motion. The nonzero velocity will
be characterized and predicted, theoretically and with simulations, as a function
of the main parameters of the model. Focusing on the famous Feynman ratchet
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Figure 4: Picture of a big particle (our system of interest) surrounded by many
more smaller ones (thermal environment) that constantly collide against each
other. Our typical description level will focus on the classical mechanics of the
big particle and will introduce (and coarse-grain) the effect of the environment
as a fluctuating (stochastic) force with very specific statistical properties. This
framework is known as the Langevin equation formalism.

and pawl machine, we will decipher whether such machines can achieve Carnot
efficiency bound in the limit of infinite time of operation cycle. We will see how
and why they efficiency is very low in these two-temperature machines. We will
propose idealized models that explain how one could, in principle, recover this
upper limit. The designing principles of these Brownian engines will be examined
from the theory of irreversible thermodynamics. Moreover, the effect of inertia in
the efficiency will be explicitly discussed and another simple model will be explicitly
built in order to illustrate the main features of Carnot cycle, from a microscopic
point of view. Finally, the optimal way of operation at finite times will be studied
in the last chapter of this first part. This opens the door to the study of small
systems and the limitations of finite time thermodynamics, to which real machines
belong.
In Part II, we use the basic tools we learnt from Brownian motors to study new
machines, which we call Brownian pumps. As the name indicates, their goal is to
pump particles. The difference is in the shape and thus in the function. We will
study the concentration gradient they can create across their boundaries. Finally
we will try to give an idea of the energy spent and compare it with biological
units. In such models, we will come across subtile technical issues regarding the
noise interpretation dilemma.
In Part III, we will consider more generic Brownian systems, like passive transducers or Brownian beads. There we will devote our studies to understand the
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Figure 5: Scheme of an ensemble of stochastic trajectories. The dynamical information on process will consist on an initial distribution of positions and a corresponding final state. In between, selecting one initial and one final position, x0 and
xf , from such ensembles, there will be many possible (and not equally probable)
trajectories. Both, the initial preparation and the intrinsic stochastic evolution will
be sources of randomness that we will characterize mathematically with the path
integral formalism.

so-called fluctuation theorems. We will introduce them in as concise mathematical
form that has to be dressed with physical quantities. Note that the trajectory of
the system of interest will start distributed according to an initial ensemble. Given
one of such initial positions, then the stochastic dynamics implies several possible
and non-equally likely paths (like the ones in figure 5). On the whole, every quantity measured will carry such stochasticity. Then we will discuss work fluctuations
and, particularly, the Jarzynski equality. Secondly, we will test the applicability
of a fluctuation relation for heat exchange between two heat baths. Finally, in a
nonequilibrium steady state, we will study the total entropy produced at the level
of a single stochastic trajectory and show several interesting relations governing
the fluctuations of such fluctuations.
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BROWNIAN MOTORS
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Introduction
From elementary textbooks on Thermodynamics it is well known that it is possible
to extract some amount of mechanical work from a thermal bath at a temperature
T2 provided we have another bath at a lower temperature T1 < T2 . Thermal
motors are the devices that perform such task. Besides, statistical mechanics tells
us that any object submerged in a thermal bath at temperature T exhibits random
energy fluctuations of the order kB T , where kB is the Boltzmann’s constant. These
fluctuations are really negligible for macroscopic objects but definitely relevant for
micro and nanometric objects such as biological motors like kinesins or dyneins
[6]. Therefore, when the system under consideration is small enough, the collisions
of the surrounding molecules that constitute the thermal environment become
important and, consequently, they should be taken into account.
There are different approaches to modeling the above described environment.
Throughout this first part (and, in fact, throughout the thesis) we will consider the
Langevin approach. It is simple, intuitive, theoretically established and proved to
be a good theoretical description for the range of situations we are interested in. It
basically consists in integrating out all the information concerning the bath particles and including their effect by adding a fluctuating force minus a friction term in
Newton’s equation of motion. In such a mesoscopic coarse-grained description, collisions are characterized as random events through a stochastic (non-deterministic)
force with very well defined statistical properties. Commonly, this contribution is
regarded as thermal noise, which denotes that the state of the system does not
fully determine its next one because of the random behavior. In honor of the biologist Robert Brown, who first observed and described such disordered, jiggling
and confusing behavior in a pollen particle immersed in water, the adjective Brownian is used for systems presenting such features. Now we come to the title of this
part: the engines which aim to obtain useful work by rectifying thermal fluctuations (in some cases, being necessary, in others just enhancing transport) are called
Brownian Motors.
The main goals we will pursue arise from the question of whether the properties
of microscopic thermal machines are different from the ones of their macroscopic
counterparts. As a main idea underlying the answer, we can advance that the
25
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physics of small systems is not at all recovered just from a zoom in of macroscopic
laws. During the above inquiry, new specific questions will arise naturally, one after
the other, and will become particular investigations that turn into the backbone
of the following discussions. Let us summarize such program.
First, we look attentively at the possibility of rectifying thermal fluctuations by
some appropriate mechanical Brownian devices. The affirmative answer yields to
the next question: to what extent can one design a Brownian system for that purpose? This is, we look, with demoniacal intentions, into the limitations imposed by
basic principles of physics. In fact, the paradigm and precursor of such speculations
(and in the same line that Maxwell’s demon) is Feynman and his famous ratchet
and pawl machine [7], on which we will concentrate in the next chapter. Feynman’s
provocative gedanken experiment was to create a machine that, by microscopically
rectifying thermal fluctuations, could violate the second law of thermodynamics.
His seminal work imprinted the motivation necessary to exhaustively study, for the
last ten years or so, what has been called after the ratchet effect. This is a mechanism which consists in breaking the spatial and temporal inversion symmetry of the
system so that directed transport emerges. Noisy transport far from equilibrium
[8] can be implemented in different ways, through an immense variety of ratchets. We will concentrate on temperature (or Feynman like) ratchets. Thus, from
Feynman’s digression, the next unavoidable concern concentrates on the energetic
characterization of our machines for a further evaluation of their efficiency. This
involves us in the exciting theoretical context of stochastic thermodynamics, in
which energetic quantities like work and heat (and even entropies) are assigned for
the stochastic trajectories of small systems. Moreover, the well known upper bound
for the efficiency of two-temperature macroscopic motors is Carnot efficiency. We
will discuss when, how and why it can or cannot be reached by Brownian motors,
depending on the intrinsic properties of the device. Finally, we will try to design
of inertial Brownian motors with efficiencies close to the Curzon-Ahlborn bound
at maximum power. In particular, we will study the optimization problem of performing the least work possible (between fixed initial and final states) in a finite
time.
This is the motivating landscape we have to walk. So, without more dilation
nor revealing some surprises that are to come, let us begin our journey.

Chapter 1

Ratchet, pawl and spring
Brownian motor
1.1

Feynman’s ratchet and pawl

In 1963 R. P. Feynman introduced [7] a microscopic device called the ratchet and
pawl machine that operates between two thermal baths extracting, as a general
plan, mechanical work. This idealized gadget, represented in Fig. 1.1, is made of
two boxes with gases at different temperatures. The hotter bath at T2 contains
an axle with vanes in it. The bombardments of gas molecules on the vane make
the axle rotate with random symmetric fluctuations. At the other end side of the
axle, there is a second box with an asymmetric toothed wheel (the ratchet) that,
in principle, can turn only one way due to a coupling with a stopping mechanism
(the pawl), which is under the influence of another temperature T1 .
Even when both gases are at the same temperature, T1 = T2 , at first glance one
could think that it seems quite likely that the wheel will spin round one way and
lift a weight, thus violating the Second Law. However, a closer look at the pawl
reveals that it must bounce since it is a small object, like the ratchet and the vanes,

T1

?

T2

Figure 1.1: Feynman’s original ratchet and pawl machine [7].
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T1

h
θ

hR(θ)

Figure 1.2: Detail of the stopping mechanism based on the interaction between the
ratchet and the pawl.

and thus random fluctuations should equally affect it. Due to the rebounding of
the pawl, the wheel will rotate randomly in any direction, doing a lot of jiggling
but with no net turning. Thus, as remarked by Feynman, the machine cannot
extract work from two baths at the same temperature. Otherwise, we could said
that Feynman’s claim was a serious mistake.
Things get more interesting when the temperature of the vanes is higher than
the temperature of the wheel, T2 > T1 . Then it is in principle possible to have
an average rotation of the wheel, which would lift the flea, and thus to produce
mechanical work. This would be done by converting part of the heat exchange
between both baths into useful work. However, Feynman stated something more in
his famous lectures: he concluded that such a particular machine, when operating
reversibly (and thus lifting the weight very very slowly), could reach the efficiency
of a Carnot engine, i.e. ηC = 1 − T1 /T2 .
This is indeed a very optimistic result which was revised many years later
[9, 10, 11] pointing out some overlooked aspects in Feynman’s argument [9]. These
are summarized as follows: since the engine seems to be simultaneously in contact
with two baths at different temperatures (through the rigid axle), it cannot work
in a reversible way and Carnot’s efficiency will never be achieved. More than
that, such particular device has been analyzed, modeled and shown to be very
far from Carnot efficiency due to its strong heat losses, which leads a very poor
efficiency [9, 10, 11, 12]. The main problem comes from the mechanical coupling of
the pawl mechanism, which is not efficient. See also the microscopic analysis of a
thermal Brownian motor in [13], which is very illuminating to clarify the principles
underlying the Feynman ratchet.
In order to seize the properties and problems of such device, we present a more
refined analysis and modeling of Feynman’s motor. The mathematical model we
propose is based on the interaction of the ratchet and the pawl depicted in Fig.
1.2. In terms of overdamped (inertia negligible versus friction) Langevin equations
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for the angular displacement θ and the height h, we write
dh
dt
dθ
λ2
dt

λ1

∂V (θ, h)
+ ξ1 (t),
∂h
∂V (θ, h)
= −
+ ξ2 (t),
∂θ
= −

(1.1)
(1.2)

where ξi (t) mimics thermal fluctuations and it is assumed to be a white noise,
Gaussian distributed with zero mean, satisfying the fluctuation-dissipation theorem,
hξi (t)ξj (t′ )i = 2kB Ti λi δ(t − t′ )δij .

(1.3)

The potential V (θ, h) is modeled by
1
V (θ, h) = τ θ + kh2 +
2

e
e

|h−hR (θ)|
l0

,

(1.4)

−1

where τ models a torque extracting useful work. The second term accounts for the
potential energy stored in the spring of constant k, that in this case acts like a pawl
pushing down the ratchet. Finally, the last term is a very repulsive potential at
short distances and nearly zero at long ones, similar to the models in [10, 11]. The
term hR (θ) represents the periodic but asymmetric profile of the ratchet, whose
explicit expression will be given soon. It is used to avoid that the pawl crosses
through the real physical surface of the ratchet. At the same time, it couples both
degrees of freedom θ and h.
Preliminary numerical simulations (not shown) exhibit a non-zero mean velocity of the ratchet device. However, even after optimizing the parameter space, the
speed is found to be very small. Then, the main conclusion is that, although the
motor can perform useful work, it has an extremely small efficiency, being very far
away from Carnot’s. The main reason is that such two-temperature motors present
high thermal conductivity and as a consequence have very low efficiencies. We will
come back to this issue in a few pages.

1.2

The ratchet effect

In any case, regardless of the attainability of Carnot’s efficiency by the ratchet
and pawl machine, Feynman’s idea seeded the possibility to obtain net directed
motion (and thus transport) due to fluctuations that are rectified by an asymmetric
potential. The ratchet effect was born.
Let us briefly devote a few lines to summarize what the ratchet effect consists
in: given a system under the action of an anisotropic potential, a zero-averaged
external driving in time induces a net flux. When fluctuations are present, their
effect can increase the transport, and, in some cases, they may be necessary. The
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Figure 1.3: Ratchet, pawl and spring Brownian motor.

physical principle running this effect is explained in terms of symmetries through
the so-called Curie’s principle. To have non-zero velocity, we need first to break
the spatial inversion symmetry. This is done with the ratchet potential, which only
needs to be asymmetric. Then, we must insert energy in the system, this is, we
have to bring the system out of equilibrium in order to break the time reversal
symmetry. This is achieved by an external perturbation. When both ingredients
are present we should then expect transport. Contrary to the deterministic one,
the stochastic ratchet effect is unintuitive and spectacular. We recommend the
reader to, at least, browse the complete review on the subject in Ref. [8].
Depending on the nature of the main ingredients that comply with the above
standards, one can find a large variety of ratchets: pulsating, fluctuating, traveling,
tilting, rocking, frictional, quantum, collective, etc. The particular type of ratchet
effect we will consider breaks the spatial inversion symmetry through an imposed
saw-tooth periodic potential and the input of energy comes from the heat flow
resulting from coupling two baths at different temperatures. At the same time,
fluctuations are present in the system since the heat baths are modeled as whitenoise Gaussian thermal noises.

1.3

Modeling

The way the ratchet and the pawl are coupled can be interpreted and consequently
implemented in different ways. Now we present, by adding a spring, a Brownian
machine called ratchet, pawl and spring Brownian motor [14], which is an evolved
version of Feynman’s device. Then the two thermal baths are clearly separated and
so there is no rigid coupling between both subsystems which, as mentioned above,
would directly spoil the machine’s efficiency. Our first candidate for a Brownian
motor is shown in Fig. 1.3. It consists of two boxes which represent thermal baths
at different temperatures. The left box contains a ratchet and a pawl that act
together like a mechanical rectifier device. They are under the influence of T1 .
From this box, an axle-wheel device is connected allowing to lift a hanging object,
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which is useful in order to study how much work (in the form of torque τ ) the
device can perform. The second box is at a higher temperature T2 > T1 and has
a little windmill that is used to pick up energy from the thermal bath, through
the collisions of the particles of the bath with the vanes, and to transfer it to the
ratchet and pawl system through the spring. The main simplification of our model
is that the ratchet wheel and the pawl mechanism are substituted by a ratchet
potential and a harmonic spring.
The Langevin dynamical equations in the over-damped limit for the angular
position θ1 (t) of the moving wheel and the position θ2 (t) of the small propeller are
straightforward to write:
dθ1
dt
dθ2
λ2
dt
λ1

= −

∂VR (θ1 )
− k(θ1 − θ2 ) − τ + ξ1 (t),
∂θ1

= k(θ1 − θ2 ) + ξ2 (t),

(1.5)
(1.6)

with two uncorrelated thermal noises ξ1 and ξ2 representing thermal fluctuations
of the baths and thus satisfying the fluctuation–dissipation relation (1.3).
Equation (1.5) contains a force term that comes from a periodic and asymmetric potential VR that models the shape of the sawtooth wheel. There is also an
external torque τ that can be set different than zero to account for the work done.
Finally, the coupling mechanism between the two baths is done through a linear
harmonic spring of stiffness constant k. The ratchet potential VR (θ) is specifically
taken to be
VR (θ) = −V0

sin(dθ) + 0.275 sin(2dθ) + 0.0533 sin(3dθ)
,
2.23

(1.7)

where V0 controls the height of the potential, d is the number of teeth per turn,
and the asymmetry of the potential is controlled by changing the numerical coefficients that multiply the sinus functions. The above expression is just a handy
one extracted from the Fourier representation in series of a triangular potential.
In Fig. 1.4 we show the explicit form of the ratchet potential VR (θ) used in our
study.
The set of parameters that completely determine the model can be reduced
if a dimensionless time scale s is defined as t ≡ (λ1 /V0 )s. Then equations (1.5)

and (1.6) are transformed so that they depend only on the following dimensionless
e ≡ λ1 /λ2 and τe ≡ τ /V0 .
f1 ≡ kB T1 /V0 , T
f2 ≡ kB T2 /V0 , e
parameters: T
k ≡ k/V0 , λ

Then, the phase-space of tunable parameters is reduced and we can easily explore
the dynamics of the system by concentrating on their main combinations.
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Figure 1.4: Shape of the ratchet potential VR for d = 4.

1.4

The motor works

In order to see whether the motor works, we first need to check that it moves
and that is does it systematically in a preferred direction on average. For that we
run numerical simulations of equations (1.5) and (1.6). We have used the second
order Heun’s algorithm, which is a generalization of the Runge-Kutta algorithm
for stochastic systems. In figure 1.5 we show an example of a single trajectory
in time and the step-like and apparently random motion it presents. Since the
process is intrinsically nondeterministic, it is convenient to do statistics in order to
see the average behavior. Once the system is in the steady state, due to the ergodic
hypothesis, it is equivalent to consider ensembles of particles or of measurements
in time. In the inset of figure 1.5 the mean value hθ1 i (obtained from N = 500
independent trajectories) is plotted versus time showing a net directed motion.
Form the slope one could obtain the mean velocity.
Now that we know that the motor runs, we explore the role played by every
parameter of the model. This is important in order to get in the more suitable
scale. In fact, tuning the parameters is not a trivial task. Besides, it allows to
understand the physics of the system. For instance, the height of the potential V0
is a relevant parameter since it determines the energy scale of the system. We are
interested in an energy barrier higher than the typical energies of the two thermal
baths but not much more. Otherwise, the engine could not work properly because
thermal fluctuations would not be able to push it over the high barrier. There is
an optimal value (in the sense that the velocity is maximal) found to be around
V0 = 3kB T1 . For smaller values of V0 , the height is too small and thus fluctuations
can jump over nearly with equal probability to both sides, giving a zero velocity
on average. For large V0 , hardly ever is the system able to perform a jump to the
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Figure 1.5: Angular evolution θ1 (in radians) of a single trajectory extracted directly from numerical simulations when no torque is applied. The nice discrete-like
steps in the motion are originated from the jumps from one valley to another of the
saw-tooth potential. Inset: Statistical average of the position as a function of time
when τ = 0.01kB T1 . The system exhibits a non-zero mean velocity. Parameter
values: V0 = 3kB T1 , k = 100kB T1 , d = 12 and T2 = 2T1 .

next valley. This is what is expected from intuition and also what is found from
numerical simulations. Regarding temperatures, we choose T2 slightly higher than
T1 because large randomness [18] blurs and destroys directional motion. We find
an optimal ratio which is around T2 ≃ 4T1 . We have also checked that the velocity

falls to zero for two limits of the coupling constant: k → 0 and k → ∞. This is
in perfect accordance with the following thermodynamic arguments. For k going
to zero, the subsystems are uncoupled and therefore no energy can be transferred.
In the opposite limit, this is, large values of the coupling constant, we use the
argument discussed in [9]. A very high k is equivalent to having both systems
joined by a rigid axle vane. Then, the system is simultaneously in contact with
two thermal baths at different temperatures and one can prove that it feels a single
averaged temperature. Thus it will not run on average either. There seems to be
an optimal number of teeth d as well. For low values of d the wheel is not a proper
sawtooth and the asymmetry of the potential is not felt. For d ≃ 24, we find that
the wheel spins quicker, while for greater values of d the velocity decays again.

Notice that the force term is proportional to the number of teeth. This means
than the higher d is, the steepest the potential becomes. Last, by using three other
different models of the ratchet potential, which are built similarly but modifying
the coefficients multiplying the sinus functions, we saw that the more asymmetrical
the model is, the faster the system runs. For a symmetric potential no rectification
of the fluctuations is possible for any value of the rest of parameters.
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On the whole, when setting λ1 = λ2 , T2 = 2T1 , V0 = 3kB T1 , τ = 0, k =
80kB T1 and d = 24, the motor is set close to an optimal regime in which the
angular velocity is the maximal: v ≡ hθ˙1 i ≃ 0.021s−1 . Apart from the quantitative

numerical value itself, we can extract a main conclusion: the engine can do work.
We will exhaustively discuss that in the following sections.

1.5

Analytical solution

Our purpose now is to make an analytical study of the model, this is, to predict
its mean velocity v and formally see the above discussed dependence on the relevant parameters of the system. Finding an exact solution seems impossible and,
therefore, some approximations will have to be assumed.
Consider the equations that define our Brownian motor written in the form
θ̇1 = f (θ1 ) − k(θ1 − θ2 ) − τ + ξ1 (t),

(1.8)

θ̇2 = k(θ1 − θ2 ) + ξ2 (t),

(1.9)

where f (θ1 ) is the force exerted by the ratchet potential: f (θ1 ) = −VR′ (θ1 ). Note

that we have set the friction coefficients to one for simplicity without losing any
generality in the calculus. Let us define now the changes of variables
x ≡ (θ1 + θ2 )/2,

y ≡ (θ1 − θ2 )/2.

(1.10)

The relevant variable x describes the evolution of the center of mass whereas y
describes the relative motion of the two-particle system. The equations of motion
in these new variables read
ẋ = f (x + y)/2 − τ /2 + η1 (t),

(1.11)

ẏ = f (x − y)/2 − τ /2 − 2ky + η2 (t),

(1.12)

where a redefinition of the noises has been introduced,
η1 (t) ≡ [ξ1 (t) + ξ2 (t)]/2,

η2 (t) ≡ [ξ1 (t) − ξ2 (t)]/2.

(1.13)

Let us make our first approximation: since the relative position y tends to
evolve close to zero due to the coupling, while the center of mass x is growing,
we can make a Taylor expansion of f (x ± y) around x up to first order in y. The
following pair of equations are obtained:

2ẋ = f (x) + yf ′ (x) − τ + 2η1 (t),

(1.14)

2ẏ = f (x) − τ + y[f (x) − 4k] + 2η2 (t).

(1.15)

′
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Numerical simulations indicate that the variable y has a faster relaxation dy-

namics than x. Thus, we will eliminate it adiabatically, which means that y is
slaved to x so that it has constantly and immediately equilibrated. Then Eq.
(1.15) reduces to
y=

f (x) − τ + 2η2 (t)
.
4k − f ′ (x)

(1.16)

When k ≃ 100kB T1 and d is small (d ≃ 4), f ′ (x) is negligible in front of 4k.

Then, within this range of parameters we can keep only 4k in the denominator.
Substituting now the resulting expression for y in equation (1.14) we end with a
more treatable Langevin equation which reads
ẋ = H(x) + g1 (x)ξ1 (t) + g2 (x)ξ2 (t),

(1.17)

where the new force H(x) is


f ′ (x)
1
,
H(x) = [f (x) − τ ] 1 +
2
4k

(1.18)

and the intensities of the multiplicative noises g1 (x) and g2 (x) are given by
1
g1 (x) =
2



f ′ (x)
1+
4k



,

1
g2 (x) =
2



f ′ (x)
1−
4k



.

(1.19)

From the Langevin equation (which is interpreted here according to Stratonovich’s
prescription), the associated Fokker-Planck equation for the time evolution of the
probability distribution function of positions reads [15]
∂J(x, t)
∂P (x, t)
=−
,
∂t
∂x

(1.20)

where J(x, t) is the density flux:
J(x, t) = H(x)P (x, t) − kB T1 [g1 (x)∂x g1 (x)P (x, t)] − kB T2 [g2 (x)∂x g2 (x)P (x, t)].
After some manipulations with partial derivatives, the probability current J(x, t)
can be rewritten as
J(x, t) = H(x)P (x, t) − [geff (x)∂x geff (x)P (x, t)],
with
geff (x) =

q

kB T1 g12 (x) + kB T2 g22 (x).

(1.21)

(1.22)

We are interested in the steady state. Therefore we have to solve equation (1.21)
for a constant probability current J. The first step is to reduce this equation to a
Bernoulli form which can be formally integrated. By imposing periodic boundary
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conditions, P (x) = P (x + L), with L = 2π/d, we find that
β(L)

N0 [1 − e

]=J

Z

L

dx
0

e−β(x)
,
geff (x)

(1.23)

where N0 is a constant to be determined from the normalization condition of the
RL
probability distribution function, 0 P (x)dx = 1. β(x) is a relevant function whose

expression is

β(x) ≡

Z

0

x

dx′

−H(x′ )
2 (x′ ) .
geff

(1.24)

To make the connection between the Fokker-Planck equation and the real mean
velocity of the system, we note that the probability flux J directly gives the average
velocity when multiplied by the typical length scale of the periodic potential. Thus
one has [8]
v ≡ hẋi = JL.

(1.25)

Besides, since the relative distance y is practically equal to zero on average, one
can very well consider that hẏi = 0. Consequently, the mean velocity of the center

of mass, hẋi, coincides with each of the individual angular velocities and, therefore,
hẋi ≃ hθ˙1 i. Finally, from Eq. (1.23), the analytical solution for the mean velocity
yields

v = N (1 − exp[βL ]),

(1.26)

where N is again a constant that depends smoothly on the control parameters of
the model, while βL ≡ β(L) crucially controls the result.

At this point, what is left to do is to find the explicit dependence of βL as

a function of the parameters of interest that control the system’s behavior. We
assume that the energy is implicitly in kB T1 units. To simplify the calculation
of the integral, we make an expansion of the denominator in equation (1.24) in
powers of 1/k. Since the values of k that we are interested in are the ones around
the optimal to make the motor run faster (k ≃ 100), one can safely suppose that
the terms of the order (1/k)2 and so on will not notably contribute to the integral.
The expression for βL can then be written as
βL =

Z

L

dx
0

[τ − f (x)][2 + f ′ (x)/2k]
.
1 + T2 /T1 + (1 − T2 /T1 )[f ′ (x)/2k]

(1.27)

The terms τ and f (x) in the numerator are small when integrated but f ′ (x)/2k is a
much smaller correction and, so, can be neglected in the numerator. However, one
cannot do this approximation for the same term in the denominator because it is
the responsible from the net motion of the Brownian motor. Such term contains two
essential physical features. The first one is that it accounts for the multiplicative
noise and thus, without it, thermal sources are unable to make the motor move.
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Figure 1.6: Comparison between numerical simulations (dots) and theoretical prediction in (1.29) (line) of the dependence of the mean velocity v as a function of
the external torque τ applied.

The second one is that it avoids the violation of the Second Law, i.e. when T2 = T1
the x dependence in the denominator disappears, the integral remaining for βL is
equal to zero and a zero average velocity is predicted. Then, the final expression
for (1.27) is
βL = 2

Z

L

dx
0

1+

T2
T1

τ − f (x)

 ′ ,
(x)
+ 1 − TT21 f 2k

(1.28)

which will be evaluated in the next section.

1.6

Velocity vs torque and temperature ratio

Now that we have derived an analytical expression for the mean velocity of the
motor, let us compare its predictions with numerical simulations when exploring
two relevant parameters: the external torque τ and the temperature ratio T2 /T1 .
The first comparison is plotted in figure 1.6, in which we show the mean velocity as a function of the external torque. The stall torque (the torque at which
the motor stops) is perfectly predicted by the expression found. What is more, the
functional behavior (the linear dependence with negative slope) is clearly reproduced. To determine the scale we adjust N so that the analytical prediction fits

the simulations at τ = 0, at the same time that we confirm that such constant

N does not depend significantly on τ . Since βL is very small, one can write the
following linear dependence of the mean velocity on the torque,
v = N (1 − eβL ) ≃ N (−βL ) = a − τ b,

(1.29)
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Figure 1.7: Mean velocity v as a function of the ratio of temperatures T2 /T1 . The
analytical prediction (line) fits the numerical results (dots) quite well allowing for
the fact that there is some uncertainty in the data obtained from the simulations.
In this case τ = 0 and the other control parameters are unchanged. Errors bars
come from the statistical errors in the numerical simulations.

where
a = 2N

Z

0

L

f (x)
1+

T2
T1

+ 2(1 −

T2 f ′ (x)
T1 ) 4k

dx,

(1.30)

and the expression for the parameter b can be easily simplified by expanding its
denominator in (1.28) and stopping at the first term:
b≃

2π 2N
.
d 1 + TT2

(1.31)

1

To confirm that all the above approximations are consistent and yield to the solution of the problem, we run numerical simulations of the exact Langevin equations
(1.8) and (1.9) for k = 100, d = 4, V0 = 3 and T2 = 2T1 , and we do it for several
values of τ . The analytical prediction is v ≃ (0.00049 − 0.097τ ).

Our second result is shown in figure 1.7, where the mean velocity is explored

as a function of the ratio of temperatures at zero torque. Thus, the prediction for
the mean velocity is v = a. The values of a as a function of T2 /T1 are computed
numerically. Despite data precision difficulties in the simulations, theory and simulations agree quantitatively and also reproduce three important qualitative facts.
The first is that at T1 = T2 the mean velocity is zero, as we explained before. The
second is that there is a maximum of the speed (an optimal value for the ratio of
temperatures). Thirdly, we observe a slow decay of the velocity to zero as T2 is
increased. We underline as well that the constant N used now is the same that
we found for the v(τ ) plot in Fig. 1.6. This again confirms our hypothesis that N
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depends very smoothly on the parameters we are exploring (τ and T2 /T1 ). If we
expand the denominator of equation (1.30), we find that the terms appear as a
function of the ratio T2 /T1 and its powers. Therefore, we can roughly see that this
more complex dependence of v(T2 /T1 ) comes from such terms. However, one must
keep in mind that it is not a good idea to try to find exactly which of these terms
are, since our very first approximations killed the ones of the same order in k.
Summarizing, we can say that our analytical predictions reproduce very well
the numerical results. They capture the main qualitative behavior and fit the
numerical simulation data quantitative too.
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Chapter 2

Symmetric Brownian motor
Feynman’s ratchet and pawl and similar models do not fulfill the following inversion
property: v ↔ −v when T2 ↔ T1 . Thus, still motivated by Feynman’s device

and complicating a little bit the previous ratchet, pawl and spring motor, we

present a new model called symmetric Brownian motor [16]. When switching the
temperatures of the two baths, this is, when reversing the temperature gradient,
the absolute value of the mean velocity does not change while the sign of the
velocity does.
Obviously, this implies some geometrical symmetries in the engine. We will
explore the main control parameters and show that the present new Brownian
motor can run faster than the previous one. Moreover, we will come across a
surprising property; the motor can exhibit the so called current reversal when a
particular parameter is varied.

2.1

Modeling

This second motor is shown in Fig. 2.1. The stochastic differential equations that
describe the dynamic evolution of the system’s degrees of freedom in the overdamped regime are
dθ1
dt
dθ2
λ2
dt
λ1

∂V (θ1 , θ2 )
+ ξ1 (t),
∂θ1
∂V (θ1 , θ2 )
= −
+ ξ2 (t).
∂θ2
= −

(2.1)
(2.2)

The noise terms are again white thermal noises, Gaussian distributed and with zero
mean, satisfying the fluctuation-dissipation theorem (1.3). The potential V (θ1 , θ2 )
contains an external torque τ , two ratchet-shape potentials VR (θ) and an harmonic interaction of strength k (with a phase shift φ) that couples both degrees
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Figure 2.1: Model for the symmetric Brownian motor.

of freedom:
1
V (θ1 , θ2 ) = τ θ1 + VR (θ1 ) + VR (−θ2 ) + k(θ1 + φ − θ2 )2 .
2

(2.3)

The ratchet potential VR (θ) is the same used in the previous model (Fig. 1.4).
Notice that the potential that one variable (θ1 ) sees is the specular image of the
one that the other variable (θ2 ) feels. It is in this sense that we call our model
symmetric. Note that, compared to the ratchet, pawl and spring Brownian motor,
there are only two new ingredients now: the second ratchet potential VR (−θ2 ) and
the phase shift φ of the linear coupling term. As in the preceding model, in order to
study the relevance of each parameter we proceed to express our system in terms
of dimensionless ones. Introducing the dimensionless time s as t ≡ (λ1 /V0 )s, the

set of equations (2.1) and (2.2) becomes compact. The dimensionless parameters
e ≡ λ1 /λ2 , τe ≡ τ /V0 and φ,
f1 ≡ kB T1 /V0 , T
f2 ≡ kB T2 /V0 , e
are now: T
k ≡ k/V0 , λ
which is measured in radians. Notice for instance that only the fraction of friction
coefficients is relevant.

2.2

Parameter exploration

In the first numerical investigations some important thermodynamic requirements
are checked and fulfilled. First, there must be no net motion in the limit T2 → T1

(a unique bath). Nor when the coupling of the heat baths is removed: k → 0.
Neither when both baths are in contact (k → ∞) so that the system sees only one
effective temperature.

Further simulations indicate that the motor inverts its velocity when the temperature gradient is inverted too. See Fig. 2.2 and also 2.3, which we discuss below.
As in previous models we have explored the parameter domains to obtain high velocities. This situation corresponds to the parameter values (kB T ≡ 1) V0 = 2.5,
k = 100 and d = 16. In Fig. 2.2 numerical results of the mean velocity v ≡ hθ˙1 i

are presented for φ = 0.4. We see a maximum around T2 /T1 = 3 and a minimum
at T2 /T1 = 0.5. This implies that the velocity is bounded and larger temperature
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Figure 2.2: Mean velocity versus T2 /T1 (τ = 0).

gradients do not imply larger velocities. For very large T2 the motor does not see
the ratchet potential and cannot take advantage of the broken inversion symmetry.
Then it converges to a zero mean velocity. The linear dependence of the velocity
around T2 /T1 ∼ 1 is is clear signature that the motor has the inversion property. We have also observed (not shown here) a negative linear dependence of the
velocity versus torque until the stall force where the velocity is zero.
In this model, there is new parameter: the phase shift φ. When exploring its
effect on the the behavior of the velocity we find a striking result. The velocity can
be really enhanced and, furthermore, its sign can be inverted. We show in Fig. 2.3
the mean velocity of the motor as a function of the phase shift φ in the symmetric
cases of T2 = 2T1 and when T1 = 2T2 . The main result is that that such new factor
φ in the parameter space allows for the existence of a current inversion, which is
a phenomenon known and studied in the literature [17].

2.3

Current inversion

Having observed the current inversion phenomenon in the previous simulations, our
purpose now is two-fold. First we wish to predict analytically and quantitatively
how the φ parameter controls the mean velocity of the motor. Secondly, we want
to understand intuitively why does the system reverse its velocity when φ is varied.

2.3.1

Analytical prediction

We will follow the same the techniques and approximations used to find the analytical solution of the previous model. Consider the equations that define our
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Figure 2.3: Current inversion profile v(φ) when T2 = 2T1 (circles) and when T1 =
2T2 (triangles). We take d = 12 and therefore the angular periodicity of the system
is 2π/12 ≃ 0.52. The dashed lines are a guide to the eyes.
Brownian motor (2.1) and (2.2) written in the form,
θ˙1 = +f (θ1 ) − k(θ1 − θ2 + φ) + ξ1 (t),

θ˙2 = −f (θ2 ) + k(θ1 − θ2 + φ) + ξ2 (t),

(2.4)
(2.5)

where f (θ) is the force exerted by the ratchet potential and the torque has been
set to zero, τ ≡ 0. We make the appropriate change of variables where the relevant
variable x describes the evolution of the center of mass and y describes the relative

motion of the two-particle system. We also define the following functions for the
force:
F (x) ≡

f (x − φ/2) − f (x + φ/2)
,
2

Q(x) ≡

f (x − φ/2) + f (x + φ/2)
2

(2.6)

and for the derivative of Q(x):
G(x) ≡ Q′ (x) =

f ′ (x − φ/2) + f ′ (x + φ/2)
.
2

(2.7)

Expanding the force for small y up to first order and then making the adiabatic
elimination on y again, the resulting Langevin equation with two multiplicative
noises (in Stratonovich), reads:
ẋ = H(x) + g+ (x)ξ1 (t) + g− (x)ξ2 (t),

(2.8)
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Figure 2.4: Comparison of v vs φ obtained from numerical simulations of the model
(2.2) (circles) and from the analytical expression (2.12) (solid line). The parameters
chosen are d = 4, k = 100, V0 = 3 and T2 = 2T1 .

where the new functions are,
1
H(x) = F (x) + Q(x)G(x),
2k

1
g± (x) =
2



G(x)
1±
2k



.

(2.9)

The corresponding final effective Fokker-Planck equation ∂t P (x, t) = −∂x J(x, t) is
determined by the flux

J(x, t) = H(x)P (x, t) − [geff (x)∂x geff (x)P (x, t)]
with
geff (x) =

q

2 (x) + k T g 2 (x).
kB T1 g+
B 2 −

(2.10)

(2.11)

In the steady state, the mean angular velocity v thus yields
vφ =

2π
N (1 − eβφ ),
d

(2.12)

determined by the relevant quantity βφ , which is given now by
βφ =

Z

L
0

−F (x) − Q(x)G(x)/2k
i.
dx h
T2 G(x)
T2
1
+
(1
−
)
1
+
4
T1
T1
k

(2.13)

This expression can be numerically evaluated. The value of the parameter N has

been estimated by using only one numerical value of the velocity obtained by the
simulation (the minimum value at φ = 0.25). Note that if βφ changes its sign as a
function of φ then the inversion phenomenon is predicted.
In Fig. 2.4 we compare the predicted theoretical dependence of the velocity as
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a function of the phase φ with the values obtained by numerical simulations of
the model. The analytical result, considering the approximations involved, traces
very accurately the current inversion phenomenon. The fit is very encouraging
and enlightening. The positions of the maxima are quite well determined, the
inversion of current is clearly coincident with the simulations and even the little
shift near φ = 0 and φ = 2π/d is faithfully reproduced. This means that in our
approximations we have kept the most dominant ingredients.
Two more comments are to be made. Just for the sake of consistency, we
have checked two basic conditions that must always hold on these kind of motors.
The first one concerns temperatures; if we set T1 = T2 , the denominator in the
expression for βφ becomes constant and integral of the functions in the numerator
vanishes, thus βφ vanishes too and, therefore, the average velocity is zero. The
second test is also related with the first one. When we make k tend to infinity (this
implies a rigid coupling and then only one effective temperature), the dependence
on x of the multiplicative noise disappears again (only additive noise is present)
and, then, the motor cannot move anywhere on average.

2.3.2

Intuitive explanation

Now we will give an intuitive explanation, based on the formal treatment above,
of why the motor runs either forward or backward, depending on the value of the
parameter φ. By looking at the effective Langevin equation (2.8), from the force
H(x) one can build up the effective potential
Veff (x) = −

Z

x

H(x′ )dx′ .

(2.14)

Thus, we consider the evolution equation for the degree of freedom in which particles are living in a potential Veff (x) plus the spatially modulated temperature
dependence geff (x) in (2.11):
′
(x) + geff (x)ξ3 (t).
ẋ = −Veff

(2.15)

This new noise ξ3 (t) is simply Gaussian, white and with intensity correlation equal
to one. Then, the original problem is mapped into a multiplicative noise scenario,
which is well documented in the literature [18, 19, 20]. There, one is concerned
with the relation between the shape of the potential Veff (x) and the modulation
of the noise spatial dependences geff (x). The effective potential does not need to
be asymmetric anymore since the effective position dependent noise modulation
alone is responsible for the breaking of the symmetries that allow a non-zero mean
velocity in the motor. By plotting them we can intuitively see whether and why
there is a forward or backward flux [18].
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Figure 2.5: Plots of the shape of the effective multiplicative noise geff (x) (2.11)
(dashed line) and the effective potential Veff (x) (2.14) (solid line) in arbitrary
scales. The phase shifts are φ = 0.25 (top left), φ = 0.785 (bottom) and φ = 1.375
(top right), which correspond to the fastest negative, zero and fastest positive
velocities respectively for d = 4. Arrows indicate the velocity direction.

In Fig. 2.5 we plot, for three significant phase shifts, the noise coupling function
geff (x) and the effective potential Veff (x). A careful look at each of them easily
reveals the current sign in a very intuitive way. When geff (x) is large, the noise
effects are amplified on one side of the hill of the periodic potential and, then, the
net current will go in that direction. Then, it is much clearer that depending on the
position of geff (x) with respect to Veff (x) the current will go forwards, backwards
or, in the totally symmetric case, it will cancel. Thus, this simple scheme also
explains very well the qualitative behavior of the current inversion.
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Chapter 3

Stochastic energetics
It is not sufficient to know whether a motor will move or not, nor even how fast
it will run. We would also like to know how efficiently such machine can operate
which, generally speaking, evaluates what the device can do out of what it is given.
In the case of a thermal engine it is clear that we need to quantify how much energy,
received externally as a heat, the motor will be able to convert in order to perform
mechanical work, for instance, by lifting a load. Since the systems we are interested
in are modeled via stochastic dynamics, this chapter is concerned with stochastic
energetics, this is, how to characterize the role of the heat bath and the energetics
of thermal ratchet models. The framework we are going to present is based on
Sekimoto’s pioneering approach on the subject [11].

3.1

Work and heat in Brownian systems

Let us write the first law at the level of a single stochastic trajectory and then
exploit the energy balance to identify terms such as the work inserted in the system
and the heat dissipated in the thermal bath. Our starting point is conservation
of total energy for one stochastic trajectory. Consider an overdamped Brownian
particle (our system of interest) that is instantaneously thermalized due to a heat
bath constant temperature T . The interaction of such energy transducer with an
external system and a load is considered to be potential through a generic term
V (x, t). Then the change in the total potential, ∆V = V (xf , tf )− V (x0 , t0 ), during
a time period starting at t0 and ending at tf is given by
∆V =

Z

tf

t0

dV
dt =
dt

Z

tf

t0

∂V (x, t)
dt +
∂t

Z

tf
t0

∂V (x, t)
ẋdt = W − Q,
∂x

(3.1)

where we have used that
W = ∆V + Q.
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W is the amount of work exerted on the system by the external time-depedent
perturbation (W is also called thermodynamical work). Q is the heat that the
particle exchanges with the environment, this is, with the heat bath. In the case
in which inertia is present, a term accounting for the kinetic energy can be added
without any further complications. Since the great majority of models we will
consider are in the overdamped limit, this generalization is not necessary at the
moment.
From such energy balance the fluctuating heat and work are consistently identified. The heat dissipated to the thermal bath is given by
Q[x(t)] = −

Z

tf

t0

∂V (x, t)
ẋdt,
∂x

(3.3)

where we explicitly write x(t) to remind that such quantity depends on the actual
realization of the stochastic trajectory. Thus heat and work are random variables.
The above association of the heat with the partial derivative with respect to the
position follows from the following reasoning. We write a general Langevin equation
corresponding to the time evolution of an internal degree of freedom x:
γ ẋ = −

∂V (x, t)
+ ξ(t),
∂x

(3.4)

which actually embodies the balance of forces forces playing a role. The contribution from the thermal bath is modeled through the random forces fluctuations ξ(t)
minus the linear Stokes friction γ ẋ that the system experiences due to the bath
particles. So the total or net effect of the bath on the particle is clearly found as
fluctuation minus dissipation, namely ξ(t) − γ ẋ. According to the action-reaction

principle, the particles exerts on the bath the same force with opposite sign. Such
force, F ≡ γ ẋ − ξ(t), acting on the bath variables times the displacement can be

interpreted as the heat dumped into the thermal reservoir:
Q[x(t)] =

Z

Fdx =

Z

[γ ẋ − ξ(t)]dx = −

Z

tf

t0

∂V (x, t)
ẋdt,
∂x

(3.5)

which coincides with (3.3). Then, from (3.1) and (3.3), the work W is
W [x(t)] =

Z

tf
t0

∂V (x, t)
dt.
∂t

(3.6)

This implies that a time dependent driving on the particle will account for the
externally exerted work on the system. Of course, depending on the potential
V (x, t) and conditioned by what is regarded as internal and external energy, one
can get a different expression for the work. We will discuss this point in more detail
in the third part of the thesis, when we explain the properties of work fluctuations.
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3.2

Efficiency of the symmetric Brownian motor

From the above physical ideas we can now calculate the efficiency of thermal
motors such as the ones considered in the previous chapters. In particular, let us
illustrate how the theoretical and generic considerations we have just developed
apply to the specific case of the symmetric Brownian motor. For that, we define
our system of interest as what involves θ1 (subsystem 1). Therefore, all the rest
corresponds to the external source of energy (subsystem 2) or the thermal bath
surrounding subsystem 1. Note that, in this case, the external source of energy will
not be modeled as a controlled time dependent driving but, instead, as a stochastic
degree of freedom. We first concentrate on the force equation (2.1) for subsystem
1, which is rearranged as
k(θ2 − θ1 − φ) = [λ1 θ̇1 − ξ1 (t)] + τ + VR′ (θ1 ).

(3.7)

By integrating the above equation over the angular position θ1 , the above equation
for the forces becomes an energy balance:
k

Z

dθ1 (θ2 − θ1 − φ) =

Z

dθ1 [λ1 θ̇1 − ξ1 (t)] +

Z

dθ1 τ +

Z

dθ1 VR′ (θ1 ),

(3.8)

from which we can respectively identify every contribution as
R1 = D1 + Wm + ∆V1 .

(3.9)

This is, part of the energy R1 released externally to the subsystem 1 is dissipated
as heat D1 into the thermal bath at T1 surrounding subsystem 1, some other is
converted into mechanical work Wm by accumulating torque τ and, the rest, is
just stored in the ratchet potential as ∆V1 . Now, looking back at the terms in
(3.8), their physical contribution to the energy balance is clearer. See figure 3.1
for a schematic picture. Notice that the same procedure applied to the Langevin
equation for the subsystem 2,
ξ2 (t) − λ2 θ̇2 = k(θ2 − θ1 − φ) + VR′ (θ2 ),
which can be, in turn, translated into
Z
Z
Z
dθ2 [ξ2 (t) − λ2 θ̇2 ] = k dθ2 (θ2 − θ1 − φ) + dθ2 VR′ (θ2 ).

(3.10)

(3.11)

Then, each expression is labeled as
−D2 = −R2 + ∆V2

(3.12)
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Figure 3.1: Scheme of the energetic contributions in a two-temperature Brownian
motor modeled via two degrees of freedom immersed in different baths. Ultimately
we will be interested in the mean values of Wm , R1 and D1 in the steady state,
which correspond to the mean mechanical work, hWm i, the mean heat from the
hot source, hQh i, and to the cold one, hQc i, respectively.
which now is interpreted as follows. Since both subsystems are coupled, we are
extracting mechanical work (Wm > 0) and T2 > T1 , then heat will flow out the
thermal reservoir at T2 , and thus we denote it by −D2 . Part of such energy will

be stored as potential ∆V2 and the other, −R2 , will flow out through the coupling

mechanism. In fact, the contribution −R2 is nearly the heat delivered from the hot
source to subsystem 1 except for the small portion stored in the coupling mech-

anism, which is represented as ∆Vint . Note that, by a simple partial integration,
they are related as
−R2 = ∆Vint + R1

(3.13)

Since we are interested in mean values in the steady state regime, the bounded
contributions coming from the ratchet potential and from the coupling mechanism
are discarded in front of the other terms, which are extensive in time. We will
deal in future chapters with the fluctuations of such quantities and discuss why
these terms are really crucial for the so called fluctuation relations to the fulfilled
or spoiled. Now, everything is much simpler. For instance, hR1 i = −hR2 i ≡ hQh i,

which is the mean heat received from the hot bath. Conversely, hD1 i ≡ hQc i.
Therefore, we arrive now to the more familiar energy balance
hQh i = hQc i + hWm i.

(3.14)
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Then it is natural to we define, as in classical macroscopic thermodynamics,

the efficiency η of the motor as the ratio between the mean energy converted into
mechanical work divided by mean heat flow from the thermal bath at T2 :
η≡

hWm i
,
hQh i

(3.15)

which yields the typical expression for heat engines
η =1−

hQc i
Tc
≤1−
≡ ηC ,
hQh i
Th

(3.16)

where the last inequality is the Carnot efficiency bound, only achievable when
operating reversibly and, thus, in the infinite time limit.
The work contribution hWm i coming from the external torque during an inter-

val ∆t = tf − ti can be explicitly obtained as

hWm i = τ hθ1 (tf ) − θ1 (ti )i = τ ∆t v,

(3.17)

where v is the mean velocity of the system. The evaluation of hQh i needs a more
careful analysis. As can be inferred from the above energetic relations, one finds
hQh i =

Z

tf

ti


∂V (θ1 (t), θ2 (t))
dθ2 (t) .
∂θ2

(3.18)

Thus the expression for the efficiency finally reads
η=

τ hθ1 (tf ) − θ1 (ti )i
.
R tf
kh ti dθ2 (t)[θ2 (t) − θ1 (t) − φ]i

(3.19)

We have to numerically evaluate the integral in the denominator from different
realizations of the Langevin equation and then perform the usual statistical averages. When one tries to study the problem in units of power, velocities appear
explicitly in the computations and, since they are instantaneously not continuous
because of the stochasticity of the system, one finds that some of the terms are
extremely bad behaved and it is impossible to get a reasonable numerical convergence in the simulations. In addition, we have found it easier to directly compute
the stochastic integrals and afterwards perform the average.
In Fig. 3.2 the efficiency η is plotted as a function of the torque τ . The specific
values we use are around those that were shown to be the optimal ones for the
Symmetric motor. Taking kB T equal to one for simplicity, these are V0 = 3, T2 = 2,
k = 100, φ = 0.4 and d = 12. The plot shows a parabolic curve for the efficiency
with a maximum at the middle value of the stall torque. Let us underline that at
the stall force (τ ≃ 1.25), the efficiency is zero, which is really bad compared to
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Figure 3.2: Efficiency η as a function of the torque τ for T2 = 2T1 near the optimal
regime of the symmetric Brownian motor, which is far below the Carnot bound
ηC = 0.5.

Carnot’s bound ηC = 0.5. Even the maximum of the efficiency (which does not
occur at the stall torque) is still extremely low. The quantity hQh i is always large

thus implying important heat losses. This means that unavoidable heat transfer
occurs. Even when v = 0, there is a finite heat flux transfered from the hot to the
cold bath. This is the reason why these type of motors have very low efficiencies.
In the next chapter we will decipher how to design the engine so that this does not
occur and higher efficiencies are reached. Finally, other kind of considerations for
better or worse performances in Brownian devices are available in the literature
[18, 21], in which other new concepts like randomness are introduced. We have
restricted ourselves to the purely energetic definition of efficiency.

Chapter 4

Tight coupling and Carnot
efficiency
After the poor efficiency encountered in the previous chapters for the symmetric
Brownian motor, our initial hopes raised by Feynman to design a (small) physical
system that could operate with Carnot efficiency seem to be shattered. Thus, we
raise the following general doubt: can Carnot’s efficiency be achieved by a thermal
Brownian motor? This question is of great importance, not only for the pleasure
of scrutinizing the deep theoretical foundations of statistical physics, but for the
technological construction of micro and nano machines. In the following pages we
rescue from the bibliography a model for a Brownian motor that reaches Carnot
efficiency (of course, when driven infinitely slowly). This particular example can
do it because it possesses a property that we call tight coupling. We then discuss
the intrinsic features with which a device should be built in order to operate
optimally at the limitations established by first principles [22]. The tight coupling
property, together with the Onsager theory of linear irreversible thermodynamics,
gives a fundamental explanation for the fact that a system can reach the Carnot
bound. We also comment very briefly on the Curzon-Ahlborn’s efficiency, which
is supposed to be the upper bound at maximum power, and on the conversion of
Brownian motors into Brownian refrigerators (or heat pumps).

4.1

Sakaguchi’s model revisited

Let us consider the model proposed by Sakaguchi [23] for the Brownian motion of a
Feynman-like ratchet device. It consists on a Langevin equation in the overdamped
regime that accounts only for one degree of freedom at temperature T . Thus,
inertia is neglected. We will recall the effect of this approximation in the following
chapter. The particle moves under the action of a spatially periodic and asymmetric
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Figure 4.1: Scheme of the ratchet potential V (x) and temperature profiles in Sakaguchi’s model.

potential V (x) and an external constant force F . The equation of motion is
ẋ = −V ′ (x) − F + ξ(t),

(4.1)

where the friction coefficient has been taken equal to one by redefining the time
scale. The thermal bath is modeled by a Gaussian white noise ξ(t) with the usual
fluctuation dissipation relation hξ(t)ξ(t′ )i = 2T δ(t − t′ ). We take kB = 1, which
fixes the energy units. The ratchet potential V (x) is illustrated in Fig. 4.1.

The second thermal bath is at temperature T0 < T , which is actually necessary to break detailed balance. Its effect can be introduced through the following
boundary condition for the probability distribution function at the gap points:
P (nl − ǫ) = P (nl + ǫ)e−V /T0 ,

(4.2)

where 0 < ǫ << 1 and n is an integer that accounts for the l periodicity of the
system. This condition ensures the correct thermodynamically properties of the
model and incorporates the transition probabilities suggested by Feynman, namely,
that the probability to overcome the barrier in the forward direction, namely, from
left to right, is proportional to e−(V +F l)/T [from the Langevin equation (4.1)],
while the probability to cross the barrier backward is e−V /T0 [from the boundary
condition (4.2)]. Sakaguchi’s model can also be understood as a Brownian particle
moving alternately in hot and cold reservoirs along space in the limit in which
the cold region tends to zero. Our approach to Sakaguchi’s model is not based
on a Langevin simulation point of view (as it was introduced originally) but on
the analytical simplifying condition mimicking the effect of the pawl at the gaps
points.
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Figure 4.2: Energetics of a thermal motor: heat flow Q̇ from the hot source at T
gets into the system S and mechanical power Ẇ is performed at the same time
that heat flow Q̇0 is delivered to the cold source at T0 .

The condition (4.2) implies that P (x) does not connect with continuity at the
gap points. From Eq. (4.1), the equation for the probability distribution in the
steady state reads
[V ′ (x) + F ]P (x) + T P ′ (x) = −J,

(4.3)

where J is the constant and uniform probability flux. This equation is linear and
can be solved analytically with two unknown constants, J and P (0), that are
evaluated imposing normalization to P (x) and the boundary condition (4.2), which
in practice reduces to
P (l) = P (0)e−V /T0 .

(4.4)

The observable magnitude of interest is the mean velocity and it is evaluated in
terms of the flux as [23]
v ≡ hẋi = Jl =

a2 T
e−a − e−b
,
l a(e−b − e−a ) + (1 − e−b )(1 − e−a )

(4.5)

where a = (V + F l)/T and b = V /T0 . This expression can also be obtained from
Ref. [24] in the limit of the cold region going to zero.

4.2

Efficiency at the stalling condition

The simplicity of the model allows analytical evaluation of more quantities [25].
We will deal with the energetics involved in the motor, as depicted in Fig. 4.2.
Note that we will omit the average brackets and thus implicitly assume that we
are dealing with mean values. For instance, the mean heat flow released by the hot
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reservoir at T is
Q̇ = (V /l + F )v,

(4.6)

since the system absorbs such energy to move against the external load F and
potential force V /l. In the same manner, the mean heat flow to the cold reservoir
is
Q̇0 = (V /l)v,

(4.7)

because every time the potential barrier V is overcome, energy from the hot source
is delivered into the bath at T0 . Finally, the mean power performed against the
conservative force F is just
Ẇ = F v.

(4.8)

Note that these expressions are consistent with the first law, Q̇ = Q̇0 + Ẇ . and
that the characterization is compatible with the one introduced in Ref. [11].
According to the theory of nonequilibrium thermodynamics, the rate of entropy
production is expressed as
Ṡ = −

Q̇ Q̇0
+
.
T
T0

(4.9)

A brief comment is to be placed here. Note that imposing Ṡ = 0 at hand yields
Q/Q0 = T /T0 . Then one can rapidly show, using the conservation of energy, that
no entropy production implies that the efficiency η of the motor corresponds to
Carnot efficiency ηC :
η=

W
Q − Q0
Q0
T0
=
=1−
=1−
≡ ηC .
Q
Q
Q
T

(4.10)

In the linear regime, such macroscopic framework allows to write a simple
relation between thermodynamics fluxes Ji induced by thermodynamic forces Xi :
J1 = L11 X1 + L12 X2

(4.11)

J2 = L21 X1 + L22 X2 ,

(4.12)

where the proportionality constants Lij are the famous Onsager coefficients. In the
present case, the external force F and the temperature difference ∆T ≡ T − T0

naturally produce non-zero velocities and heat fluxes in the system. Thus it is
proper to take X1 ≡ F/T and X2 ≡ ∆T /T 2 for the forces, and J1 ≡ −v and

J2 ≡ Q̇ for the fluxes. Then, in the linear response regime, this is, when the force

F and temperature difference ∆T are assumed to be small, expression (4.9) yields

Ṡ = J1 X1 + J2 X2 and, therefore, can be recast in the following form involving the
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thermodynamic forces:
!

L11 L12

Ṡ = (X1 , X2 )

L21 L22

X1
X2

!

,

(4.13)

We take Eq. (4.9), substitute both expressions for the heats (4.6) and (4.7), and
expand the velocity v around the equilibrium state (F = 0 and ∆T = 0) up to first
order. This leads to an identification of the terms corresponding to every coefficient
in Eq. (4.13). After some tedious but standard calculations, one obtains
L11 = T
L12
L22



α
sinh(α)

2

,


2
α
VT
,
= L21 = −
l
sinh(α)

2
α
V 2T
.
=
l2
sinh(α)

(4.14)
(4.15)
(4.16)

where α = V /(2T ). See [12] for a similar analysis. The Onsager coefficients offer a
lot of information about the intrinsic nonequilibrium thermodynamic properties of
the system. First one can check that the reciprocity relation, L12 = L21 , is fulfilled
and that the diagonal coefficients L11 and L22 are positive as they should be. A
relevant relation that is also found is
L11 L22 = L212 ,

(4.17)

which makes the determinant of the Lij matrix equal to zero. This indicates that
we can operate quasistatically and at zero entropy production. This is in agreement
with the second law. In fact, this condition is stronger than just telling us that,
in the limit in which F = 0 and ∆T = 0 (motor at rest), no entropy is produced.
More importantly, the above relation implies that
q≡√

L12
= −1.
L11 L22

(4.18)

This means that the motor is built with the condition of tight coupling [26]. This is
an important result, since it characterizes in general and from intrinsic properties
whether or not Carnot efficiency can be achieved by the model under study. Let
us see how.
When writing the efficiency of a thermal motor to lowest order in ∆T /T ,
it is a matter of simple algebra to express it as a function of the ratio of the
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thermodynamic forces κ ≡ X1 /X2 , so that
∆T
Ẇ
=
η=
T
Q̇



L11
−κ
L21



κ + L12 /L11
.
κ + L22 /L21

(4.19)

For the case in which |q| = 1, the last fraction of the above equation is equal to one.

Now, if we stop both fluxes, J1 = J2 = 0, which would correspond to a vanishing
velocity and heat flow (but without the need of setting F = ∆T = 0), the above
expression reduces reduces to [27]
η =1−

T0
≡ ηC ,
T

(4.20)

which is the efficiency of Carnot. Thus, since our model has |q| = 1 we can expect
that it reaches Carnot bound in the limit of infinitely small velocity. In contrast,
any model with |q| < 1 will always have an efficiency below Carnot’s. So for non
perfectly tight models, even when the power vanishes (at the stall force), there
will still be a non zero mean leak of heat which will make the efficiency far lower
than Carnot’s. This is precisely what we have found in the energetic analysis of
the symmetric Brownian motor in the previous chapter.
Coming back now to our particular model, the efficiency can be explicitly and
generically written as
η=

Ẇ
Fv
1
b T0
=
=
=1−
.
(V /l + F )v
V /(F l) + 1
aT
Q̇

(4.21)

Then, by making v = 0, we obtain from Eq. (4.5) that
T
Fl
,
=1+
T0
V

(4.22)

(or that a = b) which inserted in Eq. (4.21), gives again ηC . Note that Carnot
efficiency can be achieved, in this model, even in the strongly non-linear regime,
since the last two equations are unchanged.
One the whole, from such a simple example of a Brownian ratchet acting as a
motor between two temperatures, the general theoretical conditions to design an
engine that operates at the upper bound imposed by the second law of thermodynamics are found.
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4.3

Efficiency at maximum power

As a practical criticism of the above reasonings, one can claim that achieving such
upper bound in the efficiency of the motor in the limit of zero velocity has little
practical relevance because the motor is stopped and, thus, now work can really be
extracted in a finite time. In real devices it is more interesting to study efficiency
at maximum power. It has been recently proved [26] that it is given by
η =1−



T0
T

ρ/2

,

(4.23)

where ρ = q 2 /(2 − q 2 ). Consequently, it is the highest possible just when |q| = 1,

leading to the Curzon-Ahlborn bound [28] for finite time endoreversible thermal
motors
ηCA ≡ 1 −

r

T0
.
T

(4.24)

The tight coupling of the present model ensures that this bound can be reached
too. Let us check it by explicitly calculating the efficiency. Imposing that ∂ Ẇ /∂F =
0, we find a complicated implicit condition amongst F , V , l, T and T0 . However,
in the linear regime we have
v ≃ X1 L11 + X2 L12 =



∆T V
F−
T l



V /2T
sinh(V /2T )

2

,

(4.25)

and so the partial derivative of the power Ẇ = F v with respect to the force F set
equal to zero leads directly to the condition 2F l/V = (∆T )/T , that when inserted
in Eq. (4.21) leads to
η=

T − T0
,
2T

(4.26)

which is precisely the Curzon-Ahlborn efficiency (4.24) in the limit of small temp
perature gradients: ηCA = 1 − T0 /T ≃ (T − T0 )/(2T ). The Curzon-Ahlborn

prediction has also been found from finite time numerical simulations in a similar

model [24]. Moreover, an analytically solvable model for a stochastic heat engine
[29] has been recently studied at the maximum power regime and, interestingly, it
has been suggested that the Curzon-Ahlborn efficiency may not be an universal
bound.
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Brownian refrigerators

Finally, we want to address the question of converting this mesoscopic Brownian
motor into a Brownian refrigerator, as it is done in Ref. [30] for a purely microscopic
model. The system is acting as an engine when Ẇ > 0 and Q̇0 > 0. We define
the refrigerator mode when the effect of inserting work into the system (Ẇ < 0)
leads to a heat flux leaving the cold source (Q̇0 < 0). Such operation is sometimes
regarded as a heat pump [31].
The existence of a refrigerator mode of operation is easily understood recalling
the previous linear irreversible thermodynamics analysis; the coupling of the fluxes
which allows to perform work from a heat flux, thus leading to a motor, ensures
that it is equally possible to change the sign of the heat flux at the expense of
spending work, thus leading to a heat pump or refrigerator. Therefore, any system
that can work as an engine, has a region in the parameter space (which may be
so small as to be nearly impossible to set) in which will work as a refrigerator.
In Sakaguchi’s model, as we can directly see, the reversal of the sign of the heat
flowing to the cold reservoir happens simply when the velocity is inverted. Then,
the transition from the engine mode of operation to the refrigerator is determined
by Eq. (4.22).

Chapter 5

A microscopic Carnot engine
Although the overdamped approximation (disregarding the term mẍ in front of
γ ẋ) is a good practical description for such small Brownian systems, when basic
physical principles like the Carnot efficiency are studied one must be careful not
to bypass contributions, for instance, from the neglected inertial terms. Then, the
question of whether a similar tight coupled construction is possible for a system
now in the underdamped regime becomes worth studying again.
In fact, heat flow driven by kinetic energy shall be very relevant when inertia is
taken into account in temperature engines. Carnot efficiency has been claimed to
be unattainable in these systems [32, 33], specially in those with position dependent
temperature substrates. Being strict, one must account for the fact that every time
a Brownian particle crosses a temperature boundary it carries with it a momentum,
part of which will immediately be transferred to the new heat bath as irreversible
heat. This implies dissipation, even in the limit of infinitely slow (mean) velocities
and thus Carnot bound should not be reachable.
Instead of the autonomous engines presented so far (build with a ratchet potential and the constant coupling of two heat baths), one can come back to the
paradigm of Carnot engine: a gas with a controlled expansion and compression
governed through a piston. Then considering a Brownian system driven externally by means of specific transitions though with care, we may avoid uncontrolled
crossings of Brownian particles between regions of different temperatures. We can
then separate the cyclic process of the motor into four clearly defined transitions:
two isothermal and two adiabatic steps. During the adiabatic ones we can prepare the energy distribution of the small system so that it does not suffer any
relaxation when connected to the new temperature. This is the only way to prevent irreversible momentum transfer, which would be unavoidable in the kind of
temperature ratchet devices presented so far. From this perspective, we can now
reinterpret the surprising properties of Sakaguchi’s motor. In such system there is
explicitly only the isothermal expansion in which work is performed by the sys63
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Figure 5.1: A microscopic particle in a one-dimensional piston of length L at temperature T . Scheme of the four main transitions in Carnot’s cyclic process: two
isothermal (a and c) and two adiabatic (b and d) processes.

tem, while the two adiabatic transitions and even the isothermal compression are
enclosed in the ad-hoc condition that connects the probability distribution. As we
have already discussed, such constraint, further than respecting the second law,
renders the tight coupling property, which ultimately yields Carnot efficiency.
Our purpose now is to build a cyclic Carnot engine for a small system in which
inertia is taken into account: a mass particle in a one dimensional piston. See figure
5.1. The conditions for isothermal and adiabatic transitions are derived from basic
principles of statistical and classical mechanics and then physical concepts such
as quasistatic driving, canonical ensemble, adiabaticity and reversibility are illustrated. Finally, from such a microscopic version of the macroscopic thermodynamic
ideal gas, Carnot efficiency is easily proved to be reached.

5.1

The model: a one-dimensional piston

We simply consider a small particle confined in a one-dimensional piston of length
L and at temperature T . Note then that no interactions with other particles nor
external potentials exist. This is precisely the microscopic analogue of the ideal
gas. The particle suffers elastic collisions with the walls of the piston (whose mass
is supposed to be much higher than the one of the particle), from which its momentum is reversed. In the spirit of statistical mechanics, when studying this single
particle, one can have into account all its possible microscopic realizations. Since
the system will be in canonical equilibrium (or microcanonical when removed from
the thermal bath) throughout the processes, the equilibrium distributions will suffice for its description. Thus there is no need to explicitly write down a dynamical
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evolution equation (which could read as the Langevin equation mẍ = ξ(t) − γ ẋ

with changing boundary conditions) because we can work just by considering equilibrium ensembles.

5.2

Constraints on the cycle transitions

Typically, Carnot’s cycle consists of two isothermal and two adiabatic transitions.
Isothermal, as the name indicates, means that the process takes place at constant
temperature. The adiabatic protocol is a bit more involved, as we will see in short,
but is basically conveys the idea that no heat is enters or leaves the system. In
the cyclic process, first there are two successive (isothermal and adiabatic) expansions and, then, the respective two (isothermal and adiabatic) compressions are
performed to drive the system to its initial point. Every process is accomplished
quasistatically, this is, in the limit of infinitely slow changes. In fact, if any process
was carried out in a finite time the system would not be in equilibrium, implying
entropy production and thus diminishing the efficiency, whose upper bound we are
trying to derive here. The attentive reader may have noticed then that Carnot
engine will have to be driven at zero velocity, yielding a zero power output, as we
have already discussed. This has no practical use but a great theoretical value to
achieve a deeper understanding of thermodynamics.

5.2.1

Isothermal transition

By definition, in an isothermal transition the system is at a constant temperature
T throughout the process. The length of the piston, instead, can be varied from
an initial value Li to a final one Lf , which is in principle arbitrary. In order to
quantify the energetics involved in this process, we note that since the expansion
(or compression) is done quasistatically, the work exerted on the system must be
equal to its change in free energy (we take kB ≡ 1):
WI = ∆F = −T ln

Z(T, Lf )
.
Z(T, Li )

(5.1)

The subscript I accounts for isothermal. We have absorbed the Boltzmann constant
kB in the temperature units. The partition function Z is obtained by the following
integral in phase-space:
Z(T, L) ≡

Z

−βH(p,q)

dqdp e

=

Z

{L}

dq

Z

+∞

dp e−p

2 /2mT

√
= L 2πmT ,

(5.2)

−∞

which implies WI = −T ln(Lf /Li ). By conservation of energy, we know that the

work input is shared amongst changes in potential and kinetic energy, while the
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rest is dumped as heat into the environment. Since there is no potential then
there is no change of internal energy involved. By the equipartition theorem, the
mean kinetic energy is hp2 /2mi = T /2, and it does not change in the isothermal

expansion. Therefore, all the work applied to the system is identical to the heat:
QI = W I .

5.2.2

Adiabatic transition

The second main ingredient in Carnot’s cycle is the adiabatic transition. Its desired result is to change the temperature of the system without dissipating any
heat, otherwise this would lead to an irreversible step in the operation and Carnot
efficiency would be spoiled. First, it is necessary that the system is gently detached
from the bath at the initial temperature Ti [33]. Secondly, the transition starts and
the system is kept disconnected, this is, thermally isolated from the environment,
and so, by construction, no heat can be exchanged. The microscopic dynamics is
commanded by Hamiltonian evolution. By (slowly) changing the control parameter L from Li to Lf , work is applied and it changes the value of the Hamiltonian
of the system. The third condition for the adiabatic transition is that, when reconnecting the system to the bath at the final temperature Tf , the evolved energy
distribution must be equal to the canonical one corresponding at such new temperature Tf [34, 35]. Otherwise entropy will be produced in the relaxation towards
the corresponding equilibrium energy distribution at such new temperature and,
in that case, the process will not reversible anymore and Carnot efficiency could
not be achieved.
Let us consider the system’s Hamiltonian Hα (Γ), which is externally controlled
by a parameter α and where Γ stands for the phase-space, this is, all degrees of
freedom: positions and momenta. The energy of the system is denoted by E. For
Hamiltonian systems under an adiabatic and quasistatic transition, the adiabatic
theorem [36] tells us that the action J(E, α), defined as
J(E, α) ≡

Z

{Γ}

θ(E − Hα (Γ))dΓ,

(5.3)

is an adiabatic invariant which, generally speaking, is a quantity that stays constant
when the Hamiltonian is changed slowly. The periodic bouncing of the particle
on the walls of the slowly (quasistatic) moving container (slowly in the sense
than much slower than the particle bouncing period) directly leads to the concept
of adiabatic invariant [37]; the conservation of the area enclosed by the phasespace trajectory of such periodic motion. In the present case, the action J(E, L)
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is calculated as
J(E, L) =

Z

dx

{L}

Z

√
dp = 2L 2Em,

(5.4)

{E>p2 /2m}

and so during the adiabatic excursion we have the condition (or constraint)
Li

p

Ei = Lf

p

Ef .

(5.5)

Note that although the system is adiabatic, the energy of the system does not need
to be conserved and can change during the process. In fact, now we will study how
the distribution of energy changes.
Next we focus on the energy distribution. It is obtained from the probability
distribution of position and momentum constrained to the energy shell dictated
by the Hamiltonian. This is introduced considering the density of states g(E, L),
which is defined as
g(E, L) ≡

∂J(E, L)
,
∂E

(5.6)

where J(E, L) is the number of states with energy less than E (the action we have
just calculated). When the system is prepared in equilibrium, the distribution of
energy is the canonical one, leading to
P c (E; T, L) = g(E, L)

e−E/T
e−E/T
=√
.
Z(T, L)
πET

(5.7)

As the length of the piston is varied, work is done on the system and the energy
distribution changes. The final energy distribution fulfills
Pf (Ef ; Tf )dEf = Pic (Ei ; Ti )dEi

(5.8)

and thus, if we want it to be the canonical one at the new temperature Tf , we
need to choose
Ei /Ti = Ef /Tf ,

(5.9)

so that the present model can be reversibly connected to the new temperature,
ensuring that no irreversible transfer of momentum will take place.
The condition from the adiabatic theorem (5.5) together with the one for the
reversible contact with the new thermal bath (5.9) determine the suitable value of
the final length Lf of the expansion (or compression) for a fixed given initial state
(Ti , Li ) and a final temperature Tf :
Lf = Li

q

Ti /Tf .

This relation is important to build the Carnot cycle.

(5.10)
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Figure 5.2: Carnot cycle: (a) isothermal expansion at high temperature (the system
absorbs heat from the bath), (b) adiabatic expansion (the system cools down),
(c) isothermal compression at low temperature (heat is produced), (d) adiabatic
compression (the system heats up and it is brought to its initial configuration).

By construction the present transition implies QA = 0, where the subscript A
accounts for adiabatic. Then the mean work corresponds to WA = hEf − Ei i =
hEi i (Tf /Ti − 1), where the last equality follows from (5.9). The initial energy hEi i

is the mean value of the Hamiltonian over the initial ensemble, namely, hEi i =

hp2 /2mii = Ti /2. Then we find that the work performed in the adiabatic step is
WA = (Tf − Ti )/2.

5.3

Efficiency of the cyclic process

The cyclic process is constructed from quasistatic steps as follows. See Fig. 5.2.
The system is initially prepared (in equilibrium, of course) at T1 and the length
of the piston is L1 . The first operation is an isothermal transition (a) from L1 to
L2 . So far, this new value of the our control parameter is arbitrary. The work (and
heat) associated are
W(a) = Q(a) = −T1 ln(L2 /L1 ).

(5.11)

Since L2 > L1 , work is extracted from the system, namely, the engine performs
work in this step of the cycle. Once at the new equilibrium state defined by T1
and L2 , the second operation is an adiabatic expansion (b), whose final values are
T2 < T1 and L3 . The condition that ensures the quasistatic adiabatic transition to
p
be reversible, namely equation (5.10), yields L3 = L2 T1 /T2 . The work spent is

given by

W(b) = (T2 − T1 )/2.

(5.12)
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Note that since T2 < T1 , the mean work exerted externally is negative, namely,
indeed in such expansion the system performs work on the piston. Thirdly, an
isothermal compression (c) at the lower temperature T2 takes place. Now L3 must
be changed to a new L4 . The work again will simply be
W(c) = −T2 ln(L4 /L3 ).

(5.13)

In principle L4 can be arbitrary since there is no constraint in the isothermal
transition for it. However, if we want to have a four-step cyclic process, we require
that L4 is transformed back to L1 during the next adiabatic compression step (d),
p
in which obviously T2 will be varied to T1 . This imposes that L4 = L1 T1 /T2 .
Then, using the above constraints we find

W(c) = −T2 ln(L1 /L2 ).

(5.14)

Since L2 > L1 , the last quantity is positive, which means that, naturally, we must
apply work during the compression. The work associated to the last step of the
cycle is
W(d) = (T1 − T2 )/2.

(5.15)

On the whole, the total mean work involved in the process is
W ≡ W(a) + W(b) + W(c) + W(d) = W(a) + W(c) = (T2 − T1 ) ln(L2 /L1 ).

(5.16)

The energy released from the bath at higher temperature Qh (the hot source is at
T1 ) corresponds to the heat Q(a) with the reversed sign, namely,
Qh = T1 ln(L2 /L1 ).

(5.17)

Finally, the efficiency of the cyclic motor yields
η=

W
T2
=1−
≡ ηC ,
Qh
T1

which is the celebrated Carnot efficiency.

(5.18)
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Chapter 6

Optimal finite-time processes
Starting with Feynman’s ratchet and pawl machine we first tried to model such
idealized system in order to study Feynman’s claims on the second law for small
systems. We soon realized that coupling two heat baths leads usually to a huge
heat conduction that still goes on even when the engine is brought to its stalling
state. That meant that the Carnot bound for the efficiency of thermal motors
was not reached at all by such type of Brownian devices. Then we scrutinized
the properties needed to be, in theory, as close as one would wish to the Carnot
efficiency. Thus we were really concerned with the quasistatic limit (and also with
subtile properties of the adiabatic transitions) which implicitly requires that the
time of a cycle tends to infinity.
However, we did not paid much attention to finite time operations and their
efficiencies. In fact, there are not many results dealing with this issue in the field
of Brownian motors. One of the most recent and relevant results [29] studied
the efficiency at maximum power for an analytically solvable model for stochastic
heat engines. In that work, by means of driving an overdamped Brownian particle
through a set of transitions, the Carnot bound was reached. Moreover, the CurzonAhlborn efficiency [28] was studied there. Having dealt in the previous chapter with
inertial terms, we wonder whether it is possible to study, in the underdamped
limit, an analogous model to the one in [29] for a thermal Brownian motor driven
at maximum power. For that future purpose, we first approach the problem of how
to optimize (in an isothermal transition) the work exerted in a finite time. This is,
which is the optimal protocol that leads to the smallest work in a given duration
of the experiment.
The minimization of the work spent in a finite time process can be seen in the
context of minimal energy dissipation. On a macroscopic scale, the optimization
of the work (or power) exerted in a macroscopic cyclic process has been discussed
for quite a while [38, 39, 40]. On a microscopic scale, fluctuations will also affect optimal cyclic processes which may become relevant for constructing optimal
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nano machines. For overdamped Langevin dynamics, the optimal protocol leading
to a minimal mean work in a finite time has been calculated analytically for harmonic potentials [41]. We note that a recent study for non harmonic potentials in
overdamped stochastic dynamics predicts the same kind of results [42].
Surprisingly, the optimal protocol shows jumps at the beginning and end of
the finite time transition. Since most molecular dynamics (MD) simulations of the
dynamics of biomolecules are on time-scales where inertia plays an important role
(see [43] for a review), it is an interesting question how these results transfer to
underdamped dynamics. In particular, it is important to know whether the jumps
are a result of having neglected inertia.
In this chapter, we investigate the role of inertia for two previously introduced
paradigmatic processes in [41]. Constraining the average of the work to be minimal, we calculate optimal driving schemes for an underdamped Brownian particle
dragged through a viscous fluid by a harmonic potential and an underdamped
Brownian particle subject to a trap with time-dependent stiffness [44]. We find
that the optimal protocol still involves jumps (as in the overdamped limit [41])
and, even more surprisingly, delta peaks at the beginning and end of the process.

6.1
6.1.1

Case Study I: The moving trap
Optimal protocol

We consider a Brownian particle of mass m dragged through a viscous fluid with
friction coefficient γ by a harmonic potential
V (x, t) =

k
(x − λ(t))2 ,
2

(6.1)

where k is the (constant) trap stiffness. The focus of the optical trap λ(t) is changed
time-dependently from an initial position λi = 0 to a final position λf . Including
inertial effects, the Langevin equation reads
mẍ = −γ ẋ − k(x − λ(t)) + ξ(t),

(6.2)

where thermal fluctuations are modeled by Gaussian white noise
hξ(t)ξ(t′ )i = 2T γδ(t − t′ ).

(6.3)

The mean work spent in the process of total duration tf is given by
W ≡

Z

tf

dt
0



∂V (x, t)
∂t



,

(6.4)
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where the average h. . .i is over the initial thermal distribution and over the noise

history. We will avoid writing hW i and consider now that W is not a fluctuating

quantity but already its mean value.

In the present case the total (mean) work reduces to
W =

Z

tf
0

dtkλ̇(λ − u) = k

Z

tf
0

k
t
λu̇ + λ2f − k [λu]0f ,
2

(6.5)

where, for simplicity in the notation, we have defined the mean position of the
particle as u ≡ hxi. This quantity u(t) depends on the whole history of λ(t) and

thus, the work W is a non-local functional of the protocol λ(t). However, in analogy

to the overdamped limit [41], we can express the work as a local functional of the
mean particle position u. By averaging the evolution equation (6.2) we have
λ = u + γ u̇/k + mü/k,

(6.6)

which inserted in Eq. (6.5) leads to


m 2 m2 2 mγ
γ2
W =
u̇ +
ü +
u̇ü + u̇2
2
2k
k
2k

tf

+γ

Z

tf

dtu̇2 .

(6.7)

0

0

The only term remaining in the integral, u̇2 , is identical to the one in the
overdamped limit, while the boundary terms are different. In complete analogy
to the overdamped case, we now proceed in two steps. First, we calculate the
optimal shape u(t) minimizing only the integral given initial values u(0+ ) = 0 and
u̇(0+ ) = A. Note that despite the initial equilibrium value u̇(0) = 0, we are free to
choose u̇(0+ ) = A since the necessary “kink” in u(t) at t = 0 does not contribute
to the integral. Similarly, at the end of the protocol (at t = tf ) there can be
another jump in the velocity. In a second step, we adjust the constant A to yield
the minimal total work. First, from the Euler-Lagrange equation corresponding to
the Lagrangian u̇2 (and subject to the initial conditions just mentioned), we find
u(t) = At

(6.8)

for 0 < t < tf . In contrast to the overdamped case, we cannot determine all the
boundary terms at tf from the evolution equation. Thus, C ≡ u̇(tf ) is another

free parameter. With ü(tf ) = [k(λf − Atf ) − γC]/m, we get the total work as a

function of the yet unknown constants A and C

m
k
W (A, C) = C 2 + (λf − Atf )2 + γ
2
2

Z

tf

dtA2 .

(6.9)

0

The work is clearly minimal for C ∗ = 0, where the asterisk will denote optimal
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Figure 6.1: Scheme of the optimal mean position u∗ (t) and protocol λ∗ (t).

from now on. The remaining terms then read
W (A) =

k
(λf − Atf )2 + γtf A2 ,
2

(6.10)

which, surprisingly, is exactly the same expression that was found in the overdamped limit. Minimizing this expression with respect to A leads to
A∗ =

λf
2γ/k + tf

(6.11)

which yields the work
W ∗ = kλ2f

1
.
2 + ktf /γ

(6.12)

Inserting Eq. (6.8) into Eq. (6.6), we find the optimal protocol
λ∗ (t) = λf

kt/γ + 1
,
ktf /γ + 2

(6.13)

for 0 < t < tf implying symmetrical jumps
∆λ ≡ λ(0+ ) − λi = λf − λ(t−
f ) = λf

1
ktf /γ + 2

(6.14)

at the beginning and at the end of the process.
Superficially, this optimal protocol looks like the expression in the overdamped
case [41]. There is, however, a subtle difference arising from the presence of inertia
terms. The optimal protocol forces the mean velocity to instantly jump at the
beginning of the process from its initial equilibrium value u̇(0) = 0 to u̇(0+ ) =
A∗ . At the end of the protocol, the optimal strategy consists in setting back the
mean velocity to zero u̇(tf ) ≡ C ∗ = 0. Due to the second time derivative in the
equation of motion such jumps in the velocity, which require delta functions in
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the acceleration, imply a delta-type singularity in the protocol. Specifically, in Eq.
(6.6), the jumps in u̇ imply a δ-function for ü and hence a δ function in λ(t). The
optimal protocol [Eq. (6.13)] thus becomes
λ∗ (t) = λf

mλf
kt/γ + 1
+
[δ(t) − δ(t − tf )] ,
ktf /γ + 2 2γ + ktf

(6.15)

as shown in Fig. 6.1. In the overdamped limit, m → 0, the delta peaks vanish.

6.1.2

Physical origin of singularities in the optimal protocol

The benefit of having jumps in the optimal protocol can be understood intuitively
as follows. From the perspective of minimal dissipation, it is obvious that the particle should be dragged at a constant (mean) velocity from the beginning rather
than being accelerated during a finite time. This initial jump in the velocity of the
particle can only be achieved by a finite initial difference λ(0)−u(0), corresponding
to a jump in λ at t = 0. In the present underdamped regime, a velocity jump corresponds to a jump in the (mean) particle momentum which can only be achieved
by a delta peak in the force, corresponding to a delta peak in the protocol.
The final jump is harder to grasp intuitively. In fact, it stems from focussing
on the minimal work rather than on the minimal (mean) dissipation (or entropy
production). If we had searched for the minimal entropy production, we would
have found an optimal protocol without a final jump. In the present minimization,
at the final time tf , the particle is still in non-equilibrium with respect to the
final potential V (x, λ(tf )). Relaxation to equilibrium leads to further dissipation
after time tf which has, however, already been paid for by the total work since
at constant λ no work is exerted anymore. A smaller final particle position u(t)
leads to a longer relaxation time which can decrease the total dissipation of the
combined process (nonequilibrium transition and relaxation).
The final delta peak corresponds to setting the final velocity to zero. This
decreases the kinetic energy of the particle and thus is beneficial for a small work.
It also explains the surprising fact that, according to Eq. (6.12), we do not have
to pay any extra cost for having inertia. During the initial singularity, the exerted
work is stored in the (mean) kinetic energy of the particle. This contribution is
fully recovered during the final singularity where the kinetic energy of the particle
is set back to the equilibrium value.

6.1.3

Comparison to a linear protocol

Without prior knowledge, one might have expected a continuous linear protocol
λlin (t) ≡ λf t/tf

(6.16)
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Figure 6.2: Ratio between mean work W lin spent using the continuous linear protocol λlin and optimal work W ∗ as a function of the dimensionless parameters
m̃ ≡ mk/γ 2 and t̃ ≡ tf k/γ.

to yield the lowest work. In the overdamped limit, the work for a linear protocol
was at most 14% larger than for the optimal protocol. We now check how much
smaller the value of the optimal work W ∗ is compared to a linear protocol if we
include inertia. First, we rescale the system in order to compactly write the relevant
combination of parameters. With the rescaled mass m̃ ≡ mk/γ 2 , the energy scale

e ≡ kλ2f and a rescaled time t̃ ≡ tf k/γ, the work can be written as W = eW̃ (t̃, m̃),

with the optimal work W ∗ = e/ 2 + t̃ .
Solving the second order differential equation of motion (6.6) using the linear

protocol λlin (t), we find the ratio:
W lin
W∗
with

=





2+t̃
t̃2
2+t̃
t̃2





t̃ 
θ0 + t̃ − e− 2m̃ θ0 cosh ν t̃ + θ1 sinh(ν t̃)
m̃ < 14




t̃ 
θ0 + t̃ − e− 2m̃ θ0 cos ν t̃ + θ1 sin(ν t̃)
m̃ > 14

ν=

p

|4m̃ − 1|
2m̃

(6.17)

(6.18)

and
θ0 = m̃ − 1, θ1 =

3m̃ − 1
.
2m̃ν

(6.19)

In Fig. 6.2, we plot the ratio W lin /W ∗ as a function of rescaled time t̃ and mass m̃.
This result shows that the optimal protocol significantly reduces the work spent
in the process compared to a linear protocol.
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Case Study II: The stiffening trap

In the first case study, only the averaged quantity u = hxi appeared in the work

and thus the same result could have been obtained from a deterministic damped
dynamics. We next examine a second case study where fluctuations are important.
We consider a Brownian particle of mass m in an optical trap with time dependent
stiffness λ(t) which is driven from an initial value λ(0) = λi to a final value
λ(tf ) = λf in a finite time tf . The time dependent potential
V (x, t) =

λ(t) 2
x ,
2

(6.20)

leads to the underdamped Langevin equations
ẋ = p/m

(6.21)

ṗ = −γp/m − λ(t)x + ξ(t),
where p is the momentum of the particle and the noise ξ(t) has the same properties
introduced in the first case study. Again our main goal is to find the protocol for
which the corresponding total (mean) work
W =

Z

tf

dtλ̇

0

hx2 i
2

(6.22)

is minimal. Note that the mean squared position
w ≡ hx2 i

(6.23)

of the particle is non-trivially coupled to the mean squared momentum
z ≡ hp2 i

(6.24)

and to the position-momentum correlation
y ≡ hxpi.

(6.25)

Their time evolution is governed by the set of coupled differential equations
ẇ = 2y/m,

(6.26)

ż = −2λy − 2γz/m + 2γT ,

(6.27)

ẏ = z/m − λw − γy/m.

(6.28)
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6.2.1

Technical details on the minimization

Unlike both the moving trap (with and without inertia) and the stiffening trap in
the overdamped limit, the present case is much more involved since one cannot
eliminate the protocol and write the work as a function of one variable only. We
thus express the work as a time-local functional of w(t) and z(t). Solving Eqs.
(6.26) and (6.28) for λ yields
1
[z/m − γ ẇ/2 − mẅ/2]
w

λ=

(6.29)

which, inserted in Eq. (6.22) and after partial integration, leads to


tf

L=

γ ẇ2
z ẇ
mẇ3
−
+
.
2w
mw
4w2

λw mẇ2
W =
+
2
8w
with the “Lagrangian”

0

+

1
2

Z

tf

dtL

(6.30)

0

(6.31)

We proceed in two steps analogously to the moving trap. We first minimize the
integral in Eq. (6.30) for given initial conditions and then optimize with respect
to remaining free parameters. The integrand L depends on w (and ẇ) but also

on z. The variables w and z are not independent. Eliminating λ and y from the

equations of motion (6.26), (6.27), and (6.28), we find the physical constraint
G ≡ z ẇ − mγ ẇ2 /2 − m2 ẇẅ/2 − 2γT w + 2γwz/m + wż = 0.

(6.32)

In order to minimize the integral in Eq. (6.30), the constraint [Eq. (6.32)] is
included in an effective Lagrangian Leff ≡ L+α(t)G through a Lagrange multiplier
α(t). Then the Euler-Lagrange equations whose solutions minimize the integral in
Eq. (6.30) are obtained from
∂Leff
d2 ∂Leff
d ∂Leff
+ 2
=
,
∂w
dt ∂ ẅ
dt ∂ ẇ

∂Leff
d ∂Leff
=
,
∂z
dt ∂ ż

(6.33)

which, together with the constraint G = 0, define a system of three differential
equations for w, z and α. By defining the useful new variable
µ ≡ zw −

m2 2
ẇ
4

(6.34)

we can write the initially cumbersome differential equations (6.33) after a tedious
manipulation in the following reduced from:
ẅ =

ẇ2
2 µ
2T
− 2 + 2T wα +
,
2w m w
m

(6.35)
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2γ
µ + 2γT w,
m
1 ẇ
2γ
α+
.
m
m w2

µ̇ = −

(6.36)

α̇ =

(6.37)

Boundary (initial and final) conditions. These equations have no analytical solution but they can easily be solved numerically for given initial conditions
w(0+ ), ẇ(0+ ), µ(0+ ) and α(0+ ). It is important to note that some of these initial conditions are not fixed by the initial equilibrium conditions w(0) = T /λi ,
ẇ(0) = 0, ẅ(0) = 0, z(0) = mT , but can be realized by additional discontinuities
in the respective quantities at the boundaries. If such discontinuities do not change
the value of the integral in Eq. (6.30), they do not affect the optimization of the integral via the Euler-Lagrange equations and hence the respective initial conditions
should (in a first step) be treated as free parameters. Since the Lagrangian does
not depend on ẅ(t), discontinuities in ẇ(t) and ẅ(t) can occur at the boundaries.
However, a jump in the mean squared position w(t) would affect the integral Eq.
(6.30) and thus w(t) must be chosen to be continuous at the boundaries, enforcing w(0+ ) = w(0) ≡ w0 = T /λi . Likewise, discontinuities in z(t) can occur at

the boundaries. However, the initial values z(0+ ) and ẇ(0+ ) are related by the
constraint G = 0. Integrating this constraint
lim

Z

t+ǫ

ǫ→0 t−ǫ

leads to
+

[wz]tt− =
When applied at t = 0 it yields

dt′ G = 0

m2  2 t+
ẇ t− .
4

m2 2 +
T
ẇ (0 ).
[z(0+ ) − mT ] =
λi
4

(6.38)

(6.39)

(6.40)

We consider a (possible) discontinuity through the parameter s1 in
z(0+ ) ≡ mT s1 .

(6.41)

With Eq. (6.40), the jump in the derivative of w at the initial time as a function
of s1 becomes
+

ẇ(0 ) = ±2T

r

s1 − 1
.
mλi

(6.42)

In the case in which λi < λf , the correct sign is the negative one. Note that the last
equation implies s1 > 1, so that at the initial time and given the equilibrium initial
distribution, it is not possible to have a decrease in the mean squared momentum.
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From Eqs. (6.40) and (6.34) we also find
µ(0+ ) = mT 2 /λi .

(6.43)

Secondly, we define a new free parameter s2 in
ẏ(0+ ) ≡ T s2 ,

(6.44)

which, from the evolution equation (6.28), directly yields ẅ(0+ ) =
writing Eq. (6.35) at t =

0+

2T
m s2 .

Then,

and inserting the above values, the initial value of the

Lagrange multiplier needed to solve the Euler-Lagrange equations is
α(0+ ) =

λi
(s2 − s1 + 1).
mT

(6.45)

Last, from the evolution equations (6.26) and (6.28) we find the relative value of
the initial jump in the protocol as a function of s1 and s2 :
λ(0+ ) − λi
∆λi
≡
= s1 − s2 − 1 + γ
λi
λi

r

s1 − 1
.
mλi

(6.46)

At the end of the process, the value of z(tf ) is allowed to jump again. Recalling
Eq. (6.39) applied now at the final time t = tf and isolating z(tf ), we obtain
z(tf ) =

z(t−
f)

− 2
2
m2 ẇ(tf ) − ẇ(tf )
+
.
4
w(tf )

(6.47)

Every quantity on the right hand side of the last equation except for ẇ(tf ) is fixed
by the solution of the Euler-Lagrange equation. Thus, we will set ẇ(tf ) ≡ s3 , as

out third unknown parameter.

Overdamped case comparison. For a comparison of the present case with
its overdamped analogue [41], one can formally integrate the differential equations for µ and α and plug them into Eq. (6.35) to obtain the following integrodifferential equation for w,

where f (t) ≡

ẇ2
ẅ −
2w

w(t) 2γt/m
w0 e





2T
B
+ f (t)(1 + s2 − s1 )
=
f (t)A −
m
f (t)

(6.48)

and

2γ
A =1−
m

Z

0

t

1
dt′ ,
f (t′ )

2γ
B =1+
m

Z

t

f (t′ )dt′ .

(6.49)

0

In the overdamped limit, the Euler-Lagrange equation is given by ẅ − ẇ2 /2w = 0.

Including inertia leads to non-vanishing terms on the right hand side of Eq. (6.48).
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Figure 6.3: Mean work W ∗ in units of T as a function of the rescaled mass m̃
compared to (i) the linear protocol, (ii) a protocol leading to w(t) given by Eq.
(6.52), and (iii) a continuous (except for a final jump) protocol leading to w(t)
given by Eq. (6.53) with adjusted parameters to yield a minimal work (see main
text for details). Parameter values: t̃ = 1 and λ̃ = 2.

However, taking the corresponding overdamped limit m̃ → 0 in such equation

yields the overdamped Euler-Lagrange equation only after optimizing the parameters s1 and s2 .
Final expression to minimize as a function of the free parameters.
Combining Eqs. (6.26)-(6.28), the work W [Eq. (6.22)] can be written as


λw
z
+
W =
2
2m

tf
0

γT
γ
−
tf + 2
m
m

Z

tf

dtz.

(6.50)

0

To calculate the integral, we insert the solution of the Euler-Lagrange equations for
z, which depends on s1 and s2 . Moreover, we note from (6.47) that the minimum
value for z(tf ), which leads to the minimal contribution to the work in Eq. (6.50),
is reached for ẇ(tf ) ≡ s3 = 0. Then, we need to insert the boundary values for w

and z at t = 0 and t = tf . In a last step, the work is optimized with respect to the
free parameters s1 and s2 .

6.2.2

Results and comparison to other protocols

The results for both the rescaled optimal protocol λ∗ (t/tf )/λi and the optimal
work W ∗ /T depend on the dimensionless quantities
t̃ ≡ tf λi /γ, λ̃ ≡ λf /λi , m̃ ≡ λi m/γ 2 .

(6.51)

An extensive analysis of the optimal protocol as a function of all three parameters is out of scope. Since the overdamped limit (m̃ → 0) has been discussed
previously, we focus on the behavior as a function of m̃ for given λ̃ = 2, t̃ = 1.
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Figure 6.4: Left: Protocol (iii) with optimized parameters for m̃ = 1. Right: Optimal protocol λ∗ (t) for m̃ = 0.5 .

Given these parameters, the optimization problem can be solved numerically and
the corresponding total work W can be calculated.
In Fig. 6.3, we plot the value of the minimal work W ∗ (obtained from the
optimal protocol) as a function of the rescaled dimensionless mass m̃ and compare
it to other benchmark protocols. All work values are bounded from below by the
free energy difference ∆F = (ln 2/2) T ≃ 0.34T . Quite generally, work values are

also bounded from above by the work for an immediate jump W jp ≡ limt→0 W ∗ =

T /2. We study (i) the linear protocol, (ii) a protocol leading to parabolic
w(t) =

T
(1 + ct)2
λi

(6.52)

with optimized parameter c and optimized final delta peak, and (iii) a protocol
leading to


2
w(t) = 1 + at3 1 − e−1/[0.01+(5t/tf ) ] + bt5 + ct7 + dt9

(6.53)

without any discontinuities (except for a final jump) but with free parameters
a, b, c, d. The work arising from protocol (i) lies significantly above the optimal
protocol. Protocol (ii) implies (optimized) jumps and delta peaks at the beginning
and end. The work for protocol (ii) and the optimal work almost coincide. The
inset shows that the optimal work is in fact slightly smaller than the work obtained
for the protocol (ii). The difference to the numerically obtained exact solution
W ∗ decreases for decreasing m̃ which is consistent with the analytical finding
that protocol (ii) is optimal in the overdamped limit. The fact that protocol (ii)
which involves optimized singularities but not the optimized shape is so close to
the optimal work highlights the importance of jumps for the optimal protocol.
Protocol (iii) has no delta peaks and no initial jump but mimics these features
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Figure 6.5: Jump heights ∆λ and amplitudes D of delta peaks (in rescaled time
t/tf ) for the optimal protocol as a function of the rescaled mass m̃.

approximately since the parameters a, b, c, d have been optimized, see Fig. 6.4.
These trial protocols show that jumps and delta peak-like singularities can decrease
the total work and confirms that our numerical solution of the Euler-Lagrange
equations is the solution of the optimization problem.
Finally, the explicit shape of the optimal protocol λ∗ (t) can be reconstructed
numerically from Eq. (6.29), see Fig. 6.4. It displays initially a delta peak upwards
accompanied with a jump ∆λ and, finally, a delta peak downwards together with
another jump ∆λ′ . Such discontinuities in the protocol are a consequence of the
discontinuities in z, ẇ and ẅ. The first singularity is “needed” to suddenly increase
hp2 i from its equilibrium value and also to change the derivative of hx2 i, which is

proportional to the correlation hxpi. Finally, note that both size and direction of

the jumps strongly depend on the rescaled mass m̃ as shown in Fig. 6.5. For small
m̃, the protocol jumps upwards (as also observed in the overdamped regime [41])
while for large m̃, the protocol jumps downwards.

CHAPTER 6. OPTIMAL FINITE-TIME PROCESSES

84

Part II

BROWNIAN PUMPS

85

Introduction
In the previous part we devoted our studies to decipher the main features of
the performance of thermal Brownian motors, putting the main emphasis on the
energetic point of view in order to understand their efficiencies. In doing so, we got
familiar with the principles and particularities of the ratchet effect, on which such
speculations are based. All those thermal engines were cyclic machines, and thus,
if we commit to our memory, periodic boundary conditions for their probability
distribution functions were systematically imposed.
In this part we focus on another type of machines: Brownian pumps. Again,
the adjective Brownian denotes that fluctuations will be relevant (soon we will
see in what sense) and thus a statistical analysis (via the Langevin formalism and
the Fokker-Planck equation) is necessary. The word pump is taken from a purely
physiological perspective: a mechanical device that induces an active transport
mechanism by which particles are moved through a membrane against a concentration gradient.
Because the main difference with respect to Brownian motors lies on their
function, from a designing principle we can expect differences, for instance, in
their shape. This is the starting point from which the following investigations
arose, namely, what should be modified (and maintained) in the models for Brownian motors in order to faithfully account for the basic principles of Brownian
pumps. As a common ingredient, it is clear that free diffusion by itself is not the
appropriate physical mechanism for selective transport processes and, as has been
explained, the appearance of net directed motion requires the breaking of detailed
balance and spatial inversion symmetry. Actually, active transport processes are
ubiquitous in living matter. As a paradigmatic example, the cell dies when active
transport processes inside cease. Amazing proteins named as molecular motors,
such as kinesin, RNA-isomerase, RNA-transcriptase, dynein, rotatory ATP-ase,
amongst others, perform such active tasks. For instance, active pumping of ions
by molecular devices in cell membranes is a very relevant mechanism, since it is the
responsible for maintaining a nonequilibrium and osmotically regulated state. Artificially, Na,K-ATPase pumps have been perturbed by an oscillating electric field
[45, 46], driving ions whose net flux was measured as a function of the amplitude
87

88
and frequency of the field.
Brownian pumping is then an active nonequilibrium transport process in which
fluctuations play a very important role. Active implies that, spontaneously, such
particles would never evolve to such configuration. Therefore, the pump is creating
and maintaining a non-equilibrium state. In order to do so, such device needs some
available energy to spend which, in the case of real biological pumps is commonly
obtained from the hydrolysis of ATP. In our theoretical models we will insert energy
into the system by means of a flashing mechanism of the potential. It will be driven
differently in time depending on the model. As a matter of fact, the flux of particles
created by pumping devices has been previously studied theoretically in [47, 48,
49, 50]. Generally a typical ratchet mechanism is assumed with periodic boundary
conditions for the (normalized) probability distribution of particles, putting the
emphasis in the calculation of the flux as a function of the model parameters.
From our perspective, the scenario should be different and, at the same time,
more suitable to model real pumps. While the ratchet mechanism is still responsible for the transport of particles, we focus on the non-equilibrium concentration
gradient created and maintained by the pumping device. Thus our system is not
periodic. The simplest example we can imagine for a pump is a chemical (or entropic) pump, this is, a machine that transports non-charged particles from a
zone of low concentration to an area of a higher one. We have then two different
particle reservoirs separated by a membrane and, embedded in this finite region,
a pumping device. The temperature of the system is the same at every point.
We regard the density of particles at the membrane boundaries as the main observable quantity. We will also study the flux of particles and the spatial density
profile in the steady state. Under the above pretexts, we will master analytical
calculations and numerical algorithms involving different sources of stochasticity
like dichotomous or position dependent noise. In addition, we will deal with the
Ito-Stratonovich interpretation dilemma. Furthermore, we will introduce a simple and intuitive simulation framework to obtain densities and fluxes, through an
appropriate implementation of the boundary conditions.
In this second part of the journey, the laws of physics will not change but the
boundary conditions will make the whole difference in every case.

Chapter 7

White-noise flashing pump
The first model we present for a Brownian pump of particles is powered by a
stochastic flashing ratchet mechanism which follows Gaussian white-noise statistics [51]. See figure 7.1. This is, the sudden, brief and intermittent change in the
energetic height of the potential follows a Gaussian random sequence of events
that are uncorrelated in time. Albeit such modeling is often far from reproducing
the real functioning of biological pumps, the theoretical system we are going to
introduce admits an analytic derivation of interesting observable quantities in the
steady state, such as the spatial density profile, the concentration ratio between
both reservoirs and the particle flux. At the same time, this requires a careful
treatment of the noise interpretation. We present a simple and intuitive simulation
framework for the consistent evaluation of such observable quantities. Therefore,
the white-noise powered flashing Brownian pump is a good candidate to analyze
the most relevant ingredients of pumping devices and, at the same time, to keep
on learning new physical tools of stochastic processes. Let us begin.

7.1

Model

We start considering non-interacting Brownian particles each of them moving on a
line under a time dependent potential V (x, t). The corresponding equation of the
position of a particle is the Langevin equation
mẍ = −γ ẋ − V ′ (x, t) + ξ(t),

(7.1)

where m is the mass of the particle, γ introduces the friction and ξ(t) is a Gaussian
white noise accounting for thermal fluctuations of the environment with the usual
autocorrelation
hξ(t)ξ(t′ )i = 2γkB T δ(t − t′ ).
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Figure 7.1: Scheme of a generic flashing pumping mechanism: a spatially asymmetric and time dependent potential V (x, t), embedded in a finite region of length
L, changes intermittently in time creating a density profile and maintaining a
concentration difference between reservoirs at constant densities ρ0 and ρ1 .
The time dependent potential V (x, t) consists of a ratchet part V (x) (a spatially
asymmetric potential) time modulated by a stochastic process in the following
form:
V (x, t) = V (x)[1 + χ(t)],

(7.3)

where χ(t) is another Gaussian white noise with zero mean, uncorrelated with ξ(t),
and with autocorrelation
hχ(t)χ(t′ )i = 2Qδ(t − t′ ).

(7.4)

In the regime in which friction dominates inertia (which is a standard approximation in models for molecular machines), the Langevin equation reduces to the
so-called overdamped limit,
ẋ = −V ′ (x) − V ′ (x)χ(t) + ξ(t),

(7.5)

where the friction constant γ has been set to one (or absorbed in the time units).
It is worth to remark here that, due to the inertia term, the Ito and Stratonovich
interpretations of (7.1)-(7.4) coincide despite being a stochastic differential equation with multiplicative noise. Nonetheless, equation (7.5) should be treated with
care, since one must decipher first whether it has to be interpreted according to
either Ito or Stratonovich rules. The order of the limiting procedures from which
one arrives to an overdamped equation from an underdamped equation, having
assumed first that the noise χ(t) is obtained as the limit of an Ornstein-Uhlenbeck
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process, determines that the appropriate stochastic interpretation is that of Ito
[52, 53, 54]. Then, equation (7.5) can be rewritten as
ẋ = −V ′ (x) + g(x)ξ̃(t),
where
g(x) =

p

(7.6)

kB T + Q V ′ (x)2 ,

(7.7)

˜ has zero mean and correlation hξ̃(t)ξ̃(t′ )i = 2δ(t −
and the new effective noise ξ(t)

t′ ). Then the original model can be mapped and interpreted as a spatial-dependent
temperature substrate [19, 20], which can be solved analytically and from which
an intuitive picture is available.

7.2

Exact solution

The continuity equation for the density of particles ρ(x, t) is
∂t ρ(x, t) = −∂x J(x, t).

(7.8)

whose expression for the flux J(x, t) yields [15]


−J(x, t) = V ′ (x)ρ(x, t) + ∂x g2 (x)ρ(x, t) ,

(7.9)

since we are using Ito’s prescription in (7.6). Although (7.8) and (7.9) correspond
to the well known Fokker-Planck equation, here ρ(x, t) accounts for the physical
density of particles and not the usual (normalized) probability distribution.
In the steady state the density ρ(x) is just a function of space and thus the flux
J becomes a constant. The density follows a first order non homogeneous linear
differential equation whose formal solution is
 Z
ρ(x) = Z(x, c0 , J) exp −

x

dz

0



V ′ (z)
g′ (z)
+
2
g2 (z)
g(z)



(7.10)

with
Z(x, c0 , J) = c0 − J

Z

0

x

dz
exp
g2 (z)

Z

0

z

dy



V ′ (y)
g′ (y)
+
2
g2 (y)
g(y)



.

(7.11)

The unknown constant c0 is found by imposing the left reservoir concentration,
ρ0 ≡ ρ(0− ), as a fixed boundary condition. Then c0 = ρ0 . At each boundary

between the membrane and the reservoirs (at x = 0 and x = L) we will distinguish

between approaching from the left (−) and the right (+) side, due to (possible)
discontinuities in the derivatives of the potential.
In what follows, we will study two different situations. First, we impose a zero
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total flux: J = 0. This corresponds to the case in which the pump is maintaining the
maximum concentration difference between the two reservoirs across the membrane
with no net leaking of particles. From (7.10), the density profile in the membrane
reads



g(x0 )
ρ(x) = ρ(x0 )
g(x)

2

 Z
exp −

x
x0


V ′ (z)
dz .
g2 (z)

(7.12)

The exponent 2 in the prefactor before the exponential is a characteristic of Ito’s
interpretation. It changes to 1 for Stratonovich’s. One can find the expression for
the ratio of concentrations at both sides of the pumping device by defining ρ1 ≡

ρ(L+ ). Assuming no global systematic drift in the system, this is V ′ (L+ ) = V ′ (0− ),
then g(L+ ) = g(0− ) and therefore (7.12) yields
"
#
Z L+
1
V ′ (z)
ρ1
= exp −
dz .
ρ0
kB T 0− 1 + k QT V ′ (z)2
B

(7.13)

Note that this is analogous to the stall force regime in Brownian motors, this is, the
concentration ratio achieved by the pump when the net flux of particles vanishes.
The concentration ρ0 was fixed in the former case. If we now impose ρ1 too,
then the flux J is no longer zero in general. From (7.10) and (7.11), one gets the
explicit expression
hR +  ′
i
′ (z)
L
(z)
ρ0 − ρ1 exp 0− dz Vg2 (z)
+ 2 gg(z)
i .
hR
 ′
J=R +
z
L
g ′ (y)
V (y)
dz
exp
+
2
dy
−
−
2
2
0
0
g(y)
g (z)
g (y)

(7.14)

Substituting J back in (7.11) one can obtain, from (7.10), the steady density ρ(x)
for any choice of ρ0 and ρ1 .

7.3

Simulation framework

Let us suppose that the analytical solutions for the density and flux derived in the
previous sections are not available. Then one may need to think of a simulation
framework to numerically obtain those relevant observable magnitudes for pumps
and channels. A possible option is to solve numerically the differential equation for
the density ρ(x) with appropriate boundary conditions. However, a different and
much more interesting perspective consists in simulating the dynamics of many
non-interacting particles (described by the Langevin equation) in the membrane
and the reservoirs and, afterwards, extracting the concentration profiles directly
from their positions. This approach is closer to real experiments in biomembranes.
The present section is devoted to describe in detail such numerical scheme.
There are multiple choices for a stochastic algorithm to simulate the particle
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Figure 7.2: Typical histogram of the density profile ρ(x) in the steady state at
J = 0 obtained from numerical simulations. Reflecting boundary conditions are
implemented at the end of both reservoirs.
dynamic equations, (7.5) or (7.6). The simplest (and good enough for the case
under consideration) is the first order Euler’s algorithm. For equation (7.6), the
position x at time t + δt of the i–th particle turns out to be
xi (t + δt) = xi (t) − V ′ (xi (t))δt + g(xi (t))Xi (t),

(7.15)

where δt is the (small) integration time step and the stochastic term Xi (t) is
constructed as,
Xi (t) =

Z

t+δt

ξ(t′ )dt′ =

√

2δt αi ,

(7.16)

t

in which αi are independent Gaussian random numbers N (0, 1). The algorithm
used in (7.15) corresponds to Ito’s interpretation for a general model.
The main feature of the simulation framework we present is the implementation
of the boundary conditions that account for the particle reservoirs at both sides
of the membrane. Using an auxiliary length l0 , we artificially extend and divide
the spatial domain of the system into three regions: the left reservoir in x ∈
[−l0 , 0), the membrane in x ∈ (0, L) and the right reservoir in x ∈ (L, L + l0 ]. We

consider N non-interacting particles, each one evolving according to (7.15). When

a particle is in a reservoir no deterministic force acts on it. It diffuses freely; only
random kicks due to thermal noise drive the particle. The numerical simulation
starts with particles distributed randomly in the entire domain. Each particle is
numbered and its position, xi (t), is stored. First we observe a transient regime
during which ρ0 (t) decreases and ρ1 (t) increases, up to the steady state in which
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Figure 7.3: Histogram of the density profile ρ(x) in the steady state at J 6= 0
obtained from numerical simulations. Periodic boundary conditions are applied at
the ends of the reservoirs leading naturally to a constant flux J everywhere and
fixed ρ1 and ρ0 .
ρ1 > ρ0 remaining constant. Once this stage is reached, the density profile ρ(x) is
obtained as an histogram of the spatial distribution of particles. The typical values
for the dimensionless parameters used in the simulations are: L = 1, l0 = 0.5,
δt = 0.001, N = 500 and the overall time of observation in the steady state is of
the order of t = 1000. However, notice that, keeping the statistics constant (the
number of measures used to build the histograms), one can lower such observation
time by increasing the number of particles (or vice-versa), since from the ergodicity
hypothesis, ensemble averages are equal to time averages.
The two possible situations, J = 0 and J 6= 0, need a different approach. For

the first case (J = 0), we impose reflecting boundary conditions at the end points
(x = −l0 and x = L + l0 ). This means that if at any integration step the particle

crosses the end points, we restore its position with the specular image with respect
to such boundary. As shown in figure 7.2, the steady state density of particles at
both reservoirs is constant. Moreover, from this simple histogram of the positions
of the particles, the density profile is obtained.
For the second case (J 6= 0), we impose periodic boundary conditions at points

−l0 and L + l0 , so that both end points are connected. At the steady state, ρ0 6= ρ1

is observed, with a linear density profile in the reservoirs which is signature of a
finite nonzero constant flux J. See figure 7.3. More advanced and sophisticated
studies of simulation of Langevin trajectories with specific boundary conditions
can be found in Refs. [55, 56, 57]. In our method, the pump is moving particles
from the left to the right forcing a concentration gradient in the reservoirs (which
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are connected only in the numerical scheme). Accordingly, a net flux appears that
fulfills Fick’s law,
J=

kB T
(ρ1 − ρ0 ) .
2l0

(7.17)

This simple and intuitive method is able to generate data of J, ρ0 and ρ1 ,
since, independently of the initial conditions, the system will evolve to the steady
state in which the value of J in equations (7.14) and (7.17) coincides. Then the
flux can be measured either by counting the net number of particles crossing the
point x = L + l0 (where the periodic condition is implemented) as a function of
S
time or from the histogram of ρ(x) on the region (L, L + l0 ) (−l0 , 0) by fitting
equation (7.17). From it the concentrations ρ0 and ρ1 can be determined as well.

Regarding the effect that the discontinuous forces have on the accuracy of the
simulations, one can see that at the interfaces of the reservoir and the membrane
the density quickly falls, trying to mimic jumps in ρ(x) that come from the piecewise linear potential. This abrupt changes observed indicate that the time-step is
small enough to faithfully reproduce the effect of such force discontinuities. See
the details in figure 7.4.
On the whole, the above explained rules and conditions lead to the physical
situation of interest. The quantitative agreement between theory predictions and
simulation results is good as we will show in the next section.

7.4

Analytical and simulation results

We particularize the general solution to a specific model and then compare it
with numerical simulations. The explicit model we consider is a piece-wise linear
saw-tooth potential depicted in figure 7.1. It is defined in two regions as
x
λL
L−x
VB (x) = V0
(1 − λ)L
VA (x) = V0

x ∈ (0, λL),

(7.18)

x ∈ (λL, L).

(7.19)

V0 is the height of the potential, λ (which can only take values between 0 and
1) controls the asymmetry and L is the total length where the pumping device is
allocated.
The forthcoming sections are devoted to calculate and discuss the exact analytical expressions of the profile density of particles ρ(x) and the concentration
ratio ρ1 /ρ0 at J = 0, as well as the normalized flux J/ρ0 as a function of ρ1 /ρ0 .
Since the potential is piece-wise linear, the force is discontinuous, yielding to discontinuities in the density profiles, which we will carefully characterize without
any further problems.
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Figure 7.4: Density profile ρ(x) for v0 = 8, λ = 1/3 and α = 0.01 in logarithmic
scale. The histogram from simulations (in gray) falls just on top of the theoretical
predictions (solid lines).

7.4.1

Density profile at zero flux

Let us recall expression (7.12) for the spatial density profile ρ(x) given a baseline
concentration ρ0 and zero flux conditions, J = 0. From the potential in (7.18) and
(7.19), ρ(x) can be obtained exactly. Nevertheless as the potential is piece-wise
linear, we expect discontinuities in ρ(x). Thus, we have to evaluate the profile
in four different zones denoted by the subscripts 0, A, B and 1, whose meaning
is clear from figures 7.1 and 7.4. First we introduce the following dimensionless
parameters
v0 ≡

V0
,
kB T

α≡

QkB T
,
L2

(7.20)

where v0 is the relative energy barrier of the potential compared to the thermal
energy. The parameter α is measure of the strength of the flashing mechanism.
The density profile of particles in region A, this is ρA (x), in which x ∈

(0+ , λL− ),
g(x0 ) =

√

is obtained from (7.12) by taking x0 = 0− , so that ρ(x0 ) = ρ0 and

kB T . Noticing that g(x) in region A (denoted by gA (x)) is a constant,

one has
gA = g(0+ ) = g(λL− ) =
which finally yields

q

kB T + Q (V0 /λL)2



ρ0
v0 x
ρA (x) =
exp −
,
ω1
ω1 λL

(7.21)

(7.22)

where, for simplicity in the notation, the following new dimensionless quantities
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Figure 7.5: Logarithm of the ratio of concentrations versus the asymmetry parameter λ at J = 0. Note that it is antisymmetric under the transformation λ ↔ 1 − λ.
The parameters are v0 = 8 and α = 0.01. Solid line corresponds to theory, equation
(7.29), and circles to simulation data.
have been defined,
ω1 ≡ 1 + α

 v 2
0

λ

ω2 ≡ 1 + α

,



v0
1−λ

2

.

(7.23)

Then, the jump of the concentration at x = 0 is simply
−

+

δ1 ≡ ρ(0 ) − ρ(0 ) = ρ0



1
1−
ω1



.

(7.24)

The density of particles in region B is found similarly. We recall (7.12) and now
choose x0 = λL− . From the above expressions and by noticing again that gB (x) is
a constant,
q
gB = kB T + Q (V0 /(1 − λ)L)2 ,

(7.25)

the concentration profile ρB (x) is found to be




ρ0
v0 x − λL
v0
ρB (x) =
exp −
exp
.
ω2
ω1
ω2 L − λL

(7.26)

The jump between zones A and B (at x = λL) is
+

−

δ2 ≡ ρ(λL ) − ρ(λL ) = ρB (λL) − ρA (λL) = ρ0



1
1
−
ω2 ω1





v0
exp −
. (7.27)
ω1
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Figure 7.6: Ratio of concentrations ρ1 /ρ0 as a function of the relative potential
barrier v0 at J = 0. The values of the parameters are λ = 1/3 and α = 0.01. Line
and circles as in previous figure.
The constant density ρ1 at the other side of the membrane is discussed in detail
in the next section. The jump δ3 , which corresponds to x = L, is obtained likewise
from the difference between ρ1 and ρB (L):
+

−

δ3 ≡ ρ(L ) − ρ(L ) = ρ1 − ρB (L) = ρ0



1
1−
ω2



exp



v0
v0
−
ω2 ω1



.

(7.28)

In figure 7.4 we show, in logarithmic scale, the above analytical predictions for ρ(x)
calculated in every region and the corresponding jumps. Note that every piece of
prediction fits perfectly to the histogram (in gray) built from the simulation data.

7.4.2

Concentration ratio at zero flux

We focus now on the value of the ratio of concentrations at both ends of the
membrane that the pumping Brownian device is able to create and maintain at
the stalling regime. For the linear saw-tooth potential, equation (7.13) gives




ρ1
 
= exp v0 
ρ0

1+α

1


v0
1−λ

2 −

1
1+α




  .
v0 2
λ

(7.29)

Let us explore the dependence of the above expression on the parameters v0 ,
α and λ. In figure 7.5 we check the symmetry properties of our prediction with
respect the parameter λ. This figure shows the right-left inversion symmetry of
the problem when we change λ for 1 − λ. Note that at λ = 0.5, although there is
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Figure 7.7: Ratio of concentrations versus parameter α at J = 0 for v0 = 8 and
λ = 1/3. Line and circles as in previous figure.
a time modulation of the potential, the device does not pump because the spatial
inversion symmetry is not broken and so there is no preferred direction. The more
asymmetric the potential is, the greater the pumping capacity is achieved. This
does not mean higher efficiencies with respect to energy consumption. This issue
is not studied for this model.
In figure 7.6 the density ratio is studied versus the relative energetic barrier v0 .
There is an optimum value which gives the largest difference. If the barrier height
is small with respect the thermal energy, diffusive loses through the pump are
important and the ratio decreases. Note that for v0 → 0 there is no concentration

difference; ρ1 = ρ0 . However, for very large values of v0 , few particles can cross the
barrier and get to the other side despite the flashing of the potential. The pumping
decreases again.
In figure 7.7 we show the ratio of concentrations versus α (we have varied
Q in the α exploration). For low values of Q, the potential barely changes in
time, diffusion dominates and thus particles can scarcely be pumped. For a very
strong flashing the potential is so often distorted that particles do not have time
to cross through the membrane and they are again poorly pumped. In between
both regimes, there is a region that enhances transport. Such optimal regime indicates that the flashing intensity Q can be tuned to be optimal. This is a common
feature of flashing ratchets. The maximum appeared in figures 7.6 and 7.7 can
be compared qualitatively with the experimental results of [45, 46] for the amplitude and frequency of the flashing perturbation. Let us analyze in more detail
the case α = 0, which gives ρ0 = ρ1 . This limit is physically interesting because
it corresponds to QkB T /L2 → 0. When the intensity in the multiplicative noise
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Figure 7.8: Flux J/ρ0 as a function of ρ1 /ρ0 . The system parameters are λ = 1/3,
v0 = 8, α = 0.02 and L = 1. Solid line corresponds to theory, equation (7.31), and
circles to simulation data
vanishes (Q = 0), the breaking of detailed balance does not occur and, so, the
ratchet effect cannot take place. Moreover, another way to make α vanish is setting T = 0. We have to be very careful because T also appears in v0 = V0 /kB T . In
fact, in the absence of thermal fluctuations, the flashing ratchet mechanism still
works because the multiplicative noise does all the job (breaks detailed balance
and supplies fluctuations). Therefore, in the α exploration we have kept T different
from zero.

7.4.3

Flux versus concentration ratio

We can recall expression (7.14) for the total flux of particles and rewrite it as
J
1 − ρ1 /ρstall
i,
hR 1
= kB T R +
z
L
V ′ (y)
ρ0
dy
dz
exp
−
−
0

0

(7.30)

g 2 (y)

is the concentration in the right reservoir when J = 0, which is calwhere ρstall
1
culated in (7.13). For the linear saw–tooth potential, the above formal expression
can be explicitly expressed as
J=



kB T
L



ρ0 e−v0 /ω1 − ρ1 e−v0 /ω2
,
N1 + N2

(7.31)

with
N1 =


ω1 
λ 1 − e−v0 /ω1 ,
v0

N2 =



ω2
(1 − λ) 1 − e−v0 /ω2 .
v0

(7.32)
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Figure 7.9: Scheme of the two-temperature pump model: a linear saw-tooth potential V (x) and space dependent temperatures Th and Tc .

Expression (7.31) fulfills the symmetry J → −J when λ ↔ 1 − λ and ρ0 ↔ ρ1 ,

which means that if we take the mirror image of the set up, we should see the
same flux going to the opposite direction. Note that when J = 0 only the ratio

of densities is relevant, while for J 6= 0, both values are needed separately. There

is a decreasing linear behavior of J with respect to ρ1 , as it is clear from simple
the flux is reversed because entropic
inspection of (7.30) and (7.31). If ρ1 > ρstall
1
forces surmount the pumping driving.
In figure 7.8 the normalized flux J/ρ0 is plotted as a function of the density ratio
ρ1 /ρ0 . The simulation points are successfully obtained from the method explained
in the numerical scheme section. We can measure it from the slope of the linear
profile of the density in such regions and also extract ρ0 and ρ1 . Despite some small
deviations due to the finite statistics and finite δt, we can conclude that theory
and simulations are in agreement.

7.5

A two-temperature pump

Let us end this chapter with a very simple model for a Brownian pump that
emulates the Carnot-like engines presented in the first part of the thesis. It is
shown in figure 7.9. The system is divided in two zones of lengths a and b, where
different temperatures apply, namely, Th and Tc respectively. A typical linear sawtooth potential V (x) is also present. The Fokker-Planck equation for the density
ρ(x, t) split in each of the zones (zone 1 and zone 2) each denoted by a subindex
i, reads
∂t ρi (x, t) = ∂x [Vi′ (x)ρi (x, t) + kB Ti ∂x ρi (x, t)].

(7.33)
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In the steady state, the probability density ρi (x, t) does not depend on time and
the flux becomes constant. Then we have
J = −(Vi′ ρi (x) + kB Ti ∂x ρi (x)).

(7.34)

The problem now is linear and we just need to solve:
V0 /a
J
+
= 0,
kB Th kB Th

(7.35)

J
V0 /b
+
= 0,
kB Tc kB Tc

(7.36)



(7.37)

ρ′1 (x) + ρ1 (x)

ρ′2 (x) − ρ2 (x)
whose solution is


V0 x
J
ρ1 (x) = A exp −
,
−
kB Th a
V0 /a


V0 x
J
ρ2 (x) = B exp
.
−
kB Tc a
V0 /b

(7.38)

The unknown constants A and B are found from the following boundary conditions.
Imposing ρ0 ≡ ρ1 (−a) and ρ1 ≡ ρ2 (b) we find
−k

ρ0 = Ae

V0
B Th

−

aJ
,
V0

V0

ρ1 = Be kB Tc −

bJ
.
V0

(7.39)

The continuity condition ρ1 (0) ≡ ρ2 (0), gives another relation:
A−

bJ
aJ
=B−
.
V0
V0

(7.40)

Now we impose that the total flux is zero: J = 0. Then A = B and the ratio of

concentrations (or probabilities) is

 

1
1
ρ1
= exp v0
−
.
ρ0
Tc Th

(7.41)

Note that the gradient of concentration achieved does not depend on the asymmetry of the potential but only on the temperatures and the height of the potential.
This is in fact the same formula we obtained in (7.29), but that case, instead of Tc
and Th , there were other parameters that came from the multiplicative noise that
flashed the potential. Now we see that, within this perspective, the white-noise
flashing pump could be mapped to a scenario of two effective temperatures.

Chapter 8

Dichotomous-noise flashing
pump
The latter system presented, in which the potential flashed with white-noise fluctuations, is too far from being a plausible realistic model for a biological pump.
Instead, we now propose a flashing dichotomous ratchet in the presence of thermal
noise, in which the switching of the potential follows the so-called random telegraph stochastic dynamics [58]. See scheme depicted in figure 8.1. This problem
can be solved exactly as well. More interestingly, we can relate the properties of
the dichotomous noise with the presence and capture of ATP molecules in the
environment and its posterior hydrolysis by the pumping machine.

8.1

Model

We propose again a membrane of width L separating two regions that are considered as particle reservoirs. The dynamics of non-interacting particles in the
membrane is determined by the following Langevin equation in the overdamped
regime,
γ ẋ = −U ′ (x, t) + ξ(t),

(8.1)

where U (x, t) is a time dependent potential and ξ(t) the typical thermal noise of
zero mean and autocorrelation given by the fluctuation-dissipation theorem,
hξ(t)ξ(t′ )i = 2γkB T δ(t − t′ ).

(8.2)

We impose that the potential factorizes in spatial and temporal contributions as
U (x, t) = V (x)ζ(t),
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Figure 8.1: Dichotomous pump model, in which an asymmetric potential V (x)
stochastically flashes its shape between a flat configuration and its initial state
with transitions rates wa and wb , respectively.

where V (x) is an asymmetric potential and ζ(t) a time forcing. For simplicity, we
also choose V (x) to be a piece-linear ratchet potential as plotted in Fig. 8.1,
x
,
δL
L−x
,
V2 (x) = V0
(1 − δ)L
V1 (x) = V0

x ∈ [0, δL],

(8.4)

x ∈ [δL, L].

(8.5)

The energy barrier height is then V0 . The parameter δ, which can take values
between zero and one, controls the asymmetry of the potential.
The function ζ(t) is a fluctuating forcing in time, which modulates the ratchet
potential. We take it as the random telegraph process, flipping between values
ζa = 1 and ζb = 0, with probability transitions wa and wb respectively. The
random telegraph process is a discrete stochastic process which takes only two
values with random residence times given by a certain probability. The value of
ζa = 1 corresponds to the blocking state of the pump, while ζb = 0 models the open
configuration. The transition from state 0 to state 1 implies an input of energy, and
thus, the fluctuating forcing is responsible for the breaking of detailed balance in
the system. This colored noise (non-delta correlated in time) is commonly regarded
as a dichotomous stochastic process [59], whose mean value is, in the present case,
hζ(t)i =

wa
,
wa + wb

(8.6)

and, by defining ∆ζ(t) ≡ ζ(t) − hζ(t)i, has a correlation
h∆ζ(t)∆ζ(t′ )i =

wa wb
′
e−(wa +wb )|t−t | .
2
(wa + wb )

(8.7)
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ρ1

ρ0
0

z

1

Figure 8.2: Density profile ρ(z) (where z ≡ x/L) at zero flux in the steady state.
The device has effectively pumped particles (note that ρ1 /ρ0 ≃ 5) and the edges
emulate particle reservoirs with uniform concentration.

On the whole, the main features of the model are the following. The pumping mechanism is capable of performing active transport due to the breaking of
spatial symmetry (by the ratchet potential) and detailed balance (by the colored
dichotomous noise). The pump is modeled by a piece–wise linear potential embedded in the membrane finite region of length L, whose boundaries are reservoirs of
particles with mean densities ρ0 and ρ1 .

8.2

Numerical simulations

As a quick exploration to show that the model just introduced can indeed create
and maintain a concentration gradient, we show in figure 8.2 the numerically obtained concentration profile created by the pump device. The simulation of many
noninteracting particles following the Langevin equation (8.1) according to the
stochastic processes described (thermal noise and random telegraph) is standard.
A problem arises with the implementation of the boundary conditions. As discussed in the previous chapter, to avoid this difficulty, reservoirs (at both edges
of the membrane) where particles diffuse freely are incorporated. In these regions
the Langevin equation is the corresponding one for a free particle and reflecting
boundary conditions at the far ends of both reservoirs. Figure 8.2 is illustrative of
the typical profiles obtained from the numerical simulation of the Langevin equations. It is obtained in the steady state (with J = 0) by simulating the individual
dynamics of N Brownian particles. We make an histogram of such particles’ positions, which directly gives us the density profile. From that, we can obtain the
ratio ρ1 /ρ0 that such pump has been able to generate and maintain.
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8.3

Theoretical analysis

From the Langevin equation (8.1), the corresponding partial differential equations
for the time evolution of the concentration of particles at each state of the dichotomous noise, Pa (x, t) and Pb (x, t), are [59]
∂t Pa (x, t) = γ −1 ∂x [V ′ (x) + kB T ∂x ]Pa (x, t) − wa Pa (x, t) + wb Pb (x, t) (8.8)
∂t Pb (x, t) = γ −1 ∂x [kB T ∂x ]Pb (x, t) − wb Pb (x, t) + wa Pa (x, t).

(8.9)

This model is similar to the one introduced in [60]. It is convenient to rescale time
and space and work with dimensionless quantities. For that, natural definitions
are z ≡ x/L and s ≡ t(kB T )/(γL2 ). Then, the rates are also redefined as fa ≡

wa (γL2 )(kB T ) and fb ≡ wb (γL2 )(kB T ). To deal with dimensionless probability

distributions, we absorb L in their expressions from now on. We also introduce the
following densities,
ρ(z, s) ≡ Pa (z, s) + Pb (z, s),

π(z, s) ≡ Pa (z, s) − Pb (z, s),

(8.10)

which, in the steady state regime, are governed by the new set of equations:
F (z)[ρ(z) + π(z)] − ∂z ρ(z) = J,

(8.11)

∂z [−F (z)[ρ(z) + π(z)] + ∂z π(z)] = π(z)(fb + fa ) − ρ(z)(fb − fa ), (8.12)
where F (z) ≡ −V ′ (z)/(2kB T ) is a force and J is the total flux of particles between

both reservoirs. Since the ratchet potential V (z) is piece-like linear (therefore such

force becomes a constant), each of the above equations can be written for the
corresponding zones of potential, 1 and 2, as depicted in figure 8.1. Then, only at
the expense of a subindex i indicating in which of the two zones we are solving
the probability distribution function, we can transform their differential equations
into linear ones. The force parameter Fi then takes the following values depending
on the zone: F1 = −v0 /2δ and F2 = v0 /2(1 − δ), where the parameter v0 ≡

V0 /kB T indicates the relative strength of the potential with respect the thermal
energy. Substituting (8.11) in (8.12) we get the following linear ordinary differential
equation for ρi (z),
[∂z3 − 2Fi ∂z2 − (fa + fb )∂z + 2fb Fi ]ρi (z) = J(fa + fb ),

(8.13)

whose solution has the standard form
ρi (z) = Ci1 eλi1 z + Ci2 eλi2 z + Ci3 eλi3 z + (J/Fi )α,

(8.14)
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where α ≡ (fa + fb )/2fb . The constants Cij are, so far, unknown parameters.
Instead, the constant coefficients λij are found just by substituting ρi (z) in (8.13),
which gives the following algebraic equation to be solved,
λ3ij − 2Fi λ2ij − (fa + fb )λij + 2fb Fi = 0.

(8.15)

Then using (8.14) in equation (8.11) we find
πi (z) = si1 Ci1 eλi1 z + si2 Ci2 eλi2 z + si3 Ci3 eλi3 z + (J/Fi )β,

(8.16)

with sij ≡ (λij /Fi − 1) and β ≡ (fb − fa )/2fb . Summarizing, we have obtained the

formal solution of the concentration of particles in the steady state by transforming
our initial problem into finding seven constants, namely, the coefficients Cij , where
i = 1, 2 and j = 1, 2, 3, and the flux J. Let us find the boundary conditions that
will determine the value of such constants.

8.3.1

Boundary conditions

So far, the problem has been decomposed in linear pieces and, to solve it, we
need to impose seven boundary conditions. In contrast with ratchet models for
Brownian motors, we cannot use the normalization nor the periodicity condition
for the probability. Instead, the suitable constraints are obtained from the following
properties: the values of the density at both ends, its continuity at the interface of
zones 1 and 2, and also from the continuity of particle fluxes. We will write them
all in detail.
First, the total concentration at left and right boundaries, denoted respectively
by ρ0 ≡ ρ(0) and ρ1 ≡ ρ(1), simply yields
ρ0 = C11 + C12 + C13 + (J/F1 )α,
λ21

ρ1 = C21 e

λ22

+ C22 e

λ23

+ C23 e

(8.17)
+ (J/F2 )α.

(8.18)

Thus, we will reckon ρ0 and ρ1 as control parameters.
Secondly, from the theory of stationary Markov processes, the steady state
probabilities Pa (z) and Pb (z) are related to the fraction of the probability rates
and, since the concentrations at the boundaries are externally fixed, the following
two conditions hold [59]:
Pa (0)fa = Pb (0)fb ,

Pa (1)fa = Pb (1)fb ,

(8.19)

which rewritten in terms of π(z) give rise to π(0) = rρ0 and π(1) = rρ1 , where
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r ≡ (fb − fa )/(fb + fa ). Then, by means of (8.16), we obtain
C11 s11 + C12 s12 + C13 s13 + (J/F1 )β = rρ0 ,

(8.20)

C11 s11 eλ21 + C12 s12 eλ22 + C13 s13 eλ23 + (J/F2 )β = rρ1 .

(8.21)

Third, ρ(z) must be a continuous function connecting the regions I and II:
ρ1 (δ) = ρ2 (δ). By introducing ~c ≡ (C11 , C12 , C13 , C21 , C22 , C23 , J) and ∆F ≡

(1/F1 − 1/F2 ) the continuity condition reads

~c · (eλ11 δ , eλ12 δ , eλ13 δ , −eλ21 δ , −eλ22 δ , −eλ23 δ , α∆F) = 0.

(8.22)

Fourth, demanding Pa (z) and Pb (z) to be continuous too, together with the
last condition leads to continuity of π(z) at zδ: π1 (δ) = π2 (δ), which gives
~c T · (s11 eλ11 δ , s12 eλ12 δ , s13 eλ13 δ , −s21 eλ21 δ , −s22 eλ22 δ , −s23 eλ23 δ , β∆F) = 0.(8.23)
Last, the flux Jπ associated with π(z) via ∂s π = −∂z Jπ should be a continuous

quantity at the linking point z = δ. This condition can be recast as
(F2 − F1 )[ρ1 (δ) + π1 (δ)] = π2′ (δ) − π1′ (δ),

(8.24)

which, when substituting (8.14) and (8.16), yields
~c T · (h11 eλ11 δ , h12 eλ12 δ , h13 eλ13 δ , −h21 eλ21 δ , −h22 eλ22 δ , −h23 eλ23 δ , f˜) = 0, (8.25)
where hij ≡ λij (sij + F2 /F1 − 1) and f˜ ≡ [F2 /F1 − 1].

Summarizing, the seven boundary conditions are Eqs. (8.17), (8.18), (8.20),

(8.21), (8.22), (8.23), and (8.25), so that the problem can be written in a matrixlike form as
M · ~c = ~c0

(8.26)

where ~c0 = (ρ0 , ρ1 , rρ0 , rρ1 , 0, 0, 0) and the matrix M is equal to


1

1

1

0

0

0

α/F1





0
0
0
e−λ21
e−λ22
e−λ23
α/F2 




s11
s12
s13
0
0
0
β/F1 




λ
λ
λ
23
22
21

β/F2 
s23 e
s22 e
0
0
0
s21 e


 eλ11 δ
eλ12 δ
eλ13 δ
−eλ21 δ
−eλ22 δ
−eλ23 δ
α∆F 




λ
δ
λ
δ
λ
δ
λ
δ
λ
δ
λ
δ
11
12
13
21
22
23
s12 e
s13 e
−s21 e
−s22 e
−s23 e
β∆F 
 s11 e
h11 eλ11 δ h12 eλ12 δ h13 eλ13 δ −h21 eλ21 δ −h22 eλ22 δ −h23 eλ23 δ
f˜
(8.27)
Such linear system of seven equations for seven unknown coefficients (Cij and J)
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can be solved analytically (with a mathematical software, for instance) and thus,
coming back to (8.14), the final exact and explicit expression for ρ(z) is found.

8.4

Transition rates and ATP hydrolysis

After the last pages with tedious mathematical manipulations, let us take some
fresh air. Coming back to the modeling and, specifically, to the dichotomous noise
ζ(t) flipping between ζa = 1 and ζb = 0, we wish to relate its transition rates
fa and fb with the hydrolysis of ATP molecules, which is the energetic source in
biomachines, and with the internal cycle of the pumping machine.
When the pump is in the blocking (or rest) state, ζb = 1. Then the binding of
an ATP molecule is required to start the cycle and change to the open state ζb = 0
which, after some characteristic time, it will return to the rest state. The pace at
which the biological device consumes these molecules depends on availability of
ATP molecules in its surroundings. As an enzymatic process, we will assume that
the transition probability for this change follows a Michaelis-Menten law:
fa = ω0

[AT P ]
kM + [AT P ]

(8.28)

where kM is the so-called affinity constant and [ATP] is the concentration of ATP.
In fact we can gather them together in a new parameter σ ≡ [ATP]/kM , so that

fa = ω0 σ/(1 + σ). The physical meaning of the parameter ω0 , which we regard as

an intrinsic parameter of the pump device, is the following. We assume that the
transition probability to change back to the closed state is given by the frequency
ω0 :
fb = ω0 ,

(8.29)

which we take to be as the characteristic frequency of the pump. This is, once the
ATP hydrolysis has started, the internal functioning of the device takes a fixed
typical time ω0−1 .
In the limit of saturating [ATP] we have that both transition probabilities have
to be equal to ω0 indicating that the pump cannot operate faster. Moreover at very
low ATP concentration, fa tends to zero, because the pump configuration should
be closed most of the time and, obviously, its pumping capacity is very low but
presenting diffusive leaking losses. Accordingly, we expect an optimum value of
operation for ω0 at fixed ATP concentration.
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Figure 8.3: Scheme of the effect of ATP concentration in the switching rates of the
dichotomous flashing ratchet mechanism. For low [ATP] it takes a long time (on
average) to start the flashing. The recovery time ω0−1 that the machine uses to lift
the potential is an intrinsic constant of the machine. For high concentrations, the
pump is obviously flashing at a higher frequency, that saturates to ω0 .

8.5

Parameter exploration

Using the analytical solution at our disposal from Eq. (8.26), we will study the
properties of the pump, this is, an exploration of the main parameters that control
the densities achieved and the flux of particles. In particular we will pay attention
to the optimum values of this parameters assuming that real molecular pumps
operate in the most productive regime. We will explore two cases: zero and finite
flux.

8.5.1

Concentration ratio at zero flux

The zero-flux constraint, J ≡ 0, leads to a condition over a minor determinant of

the matrix in (8.26). Then, one cannot solve the values of all Cij coefficients to

inset them into (8.14). However, when the flux is zero, one can see that only the
ratio between the concentration reservoirs ρ1 /ρ0 is important. What is more, from
imposing the determinant of the minor matrix equal to zero, such relevant observable is directly found. Let us explore it as a function of the different parameters
of the model.
The first exploration we present concerns the asymmetry parameter δ. It is
defined to take values from zero to one. At δ = 0.5 the system is spatially symmetric. Then no net pumping is possible and therefore ρ1 = ρ0 . This is directly
related to Curie’s principle, which explains the appearance of directed transport as
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Figure 8.4: Left: Concentration ratios versus the asymmetry parameter of the
potential δ for v0 = 10, fa = 9 and fb = 100. Right: Dependence of ρ1 /ρ0 versus
the relative energetic barrier v0 for δ = 0.33, fa = 9 and fb = 100.

a consequence the breaking of spatial inversion symmetry (and detailed balance).
Moreover, the solution of the problem must be symmetric with opposite sign when
we change δ by 1 − δ. These two features can be used as a first consistency tests for

the analytical solution obtained. Therefore, in the left plot of Fig. 8.4, the dependence of the function ρ1 /ρ0 − ρ0 /ρ1 as a function of δ is shown. One can check that

the solution fulfills these properties, namely, it is anti-symmetric and it vanishes

at δ = 0.5. Moreover, we can see that the more asymmetric the potential is, the
higher the concentration ratio is obtained. However, this is done at the expense of
more input of energy when switching the potential up and down. We will address
the energetics later.
Another interesting parameter to explore is the effect of the potential barrier
height V0 compared to the thermal energy kB T . In the right plot of Fig. 8.4,
one can see the dependence of the ratio of concentration with the effective energy
scale. The pumping ability clearly depends on the relative energetic barrier: For low
barriers compared to thermal energy, the ratchet can barely pump particles because
diffusive losses dominate. As the height is increased, more particles can be raised
to the other side of the asymmetric potential. Then, the ratio of concentrations
increases. However, for very high values of v0 , the fluctuating potential does not
improve its effect anymore by increasing its barrier. This is so because all the
particles are strongly separated every time the potential is lifted and they can
hardly overcome the barrier. In that situation, the effect of v0 saturates. Increasing
the barrier means that more energy is necessary to operate the pump, which is
dissipated. The efficiency decreases dramatically in that limit.
The behavior of the ratio ρ1 /ρ0 as a function of the transition rates of the
dichotomous noise signal is shown in the left plot of figure 8.5, by means of varying
ω0 . Indeed, we observe that there is an optimum value ω0 which maximizes the
gradient of particles. Note then that adjusting δ and v0 , one can vary ω0 to obtain
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Figure 8.5: Left: Concentration ratio versus the characteristic frequency w0 . The
rest of the parameters are δ = 0.3, v0 = 10 and σ = 0.1. Right: Theoretical
curve of the ratio ρ1 /ρ0 versus σ. The parameters are δ = 0.33, v0 = 10 and
ω0 = 100. Note that the pumping capacity saturates for high enough values of
σ since then fa → ω0 . Note as well that there is an optimal value of σ. This is
because adjusting separately both fa and fb (or ω0 and σ) it is possible to optimize
the ratio of concentrations.

even greater concentration differences. This implies an optimal performance of
the pump at a certain rate. Other limits are also physically intuitive: For very
fast switching (thus w0 small), the particles do not have, in practice, any time to
diffuse in the flat configuration and thus they cannot be selected and separated in
the up configuration. Then, as we show, ρ1 → ρ0 when ω0 → 0. In the other limit

(very slow switching), it is natural that no gradient of particles is created. When

the potential goes up, it separates the particles but they have then a lot of time
to escape and jump over the potential barrier. Furthermore, once the potential is
flat, it also stays there for a long time and free diffusion annihilates any possible
previous concentration difference.
Last, we explore the effects of the ATP concentration. From the right plot of
Fig. 8.5 we see that an optimal region is achievable when tuning σ. For very small
ATP concentrations, fa tends to zero. Therefore once the ratchet is up, it takes an
infinitely long time to go down. This implies that ρ1 = ρ0 and so it cannot pump,
as can be seen in the figure. In the case of very high [ATP], the rates are equal
fa = fb = ω0 , and thus ω0 controls the pumping capacity. In the intermediate
region, we see a maximum indicating the optimal behavior. This means that σ can
also improve the pumping capacity.

8.5.2

Non-zero flux analysis

Once we have characterized and discussed the properties of the pump at zero flux,
we are going to analyze the dependence of the flux J as a function of the external
concentrations and flashing rates. Recall that we formally solved the problem for
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Figure 8.6: Left: Total flux J as a function of concentration ρ1 as the effective
height of the barrier v0 is varied. The parameters are ρ0 = 1, δ = 0.33, ω0 =
100 and σ = 1. Right: Flux J as a function of the flashing rate ω0 for different
concentrations ρ1 . The parameters chosen are ρ0 = 1, δ = 0.33, v0 = 50 and σ = 1
so that fa = ω0 /2 and fb = ω0 .

a general ρ0 and ρ1 at a finite flux J. However, if the flux J is required, we only
need to solve the linear system (8.26).
First we plot the flux J when the concentration ρ1 is increased, given a fixed
ρ0 = 1. See the left plot in figure 8.6. Note that the decay of the flux, as the
concentration is higher, is linear, since a stronger restoring entropic force appears
opposing the pumping and leading to a decrease of the total flux. Note as well
that if the barrier v0 is enhanced, the decay is softer. This is due to the fact that
a higher barrier given a fixed ω0 leads to a more powerful functioning of the pump
and then the total flux can be higher.
In the right plot of figure 8.6 we show the prediction of the flux J as a function of
the rate ω0 . Since we have imposed ρ0 < ρ1 , at low pumping rates there hardly exist
active transport and the result is diffusion of particles from the higher reservoir
to the lower one, leading to J < 0. As the rate is increased, the pump can even
turn the sign of the flux and pump particles from left to right leading to J > 0.
However, this regime is small compared to the negative flux one. Finally, for very
high rates, the flux does not go down to negative values but, surprisingly, it tends
to zero. This is so because when the flashing is almost instantaneous, there is no
transport but neither diffusion, and therefore the total flux is J = 0.
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Energetic characterization

The energetic aspect is quite often forgotten in the literature of motor modeling
and definitely not retrieved in the pump analogues. Even more, when dealing
with Brownian pumps it is not obvious at all how one should be able to define an
efficiency in a similar fashion to Brownian motors. First, because it is not clear how
to interpret the net energetic benefit achieved from the pumping action. In heat
engines, for instance, it simply was the mechanical work performed. Secondly, note
that the nature of the sources is different. In the type of thermal Brownian engines
presented in the previous part of the thesis, the input of energy was identified as
the heat coming from the hot bath and flowing into the subsystem immersed in
the bath at the cold temperature. This was perfectly described and quantified by
Sekimoto’s energetic characterization.
In the dichotomous pump scheme, a similar calculus is possible, as we will
explain in what follows. Every time the potential is lifted stochastically due to the
dichotomous driving ζ(t), energy is injected into the system. This energy is used
to actively create the concentration profile and maintain it. The power input is
the relevant information to characterize the pump, since it is plausible to expect
that biological pumps work according to an optimal level of performance. The
mean power input that the dichotomous process inserts into the system can be
mathematically described as the integral of a reaction rate r(x) times the potential
profile V (x), where the former accounts for the position dependent flux of particles
that go from state 0 (flat) to 1 (potential):
r(x) ≡ ω0→1 P0 (x) − ω1→0 P1 (x) = ωb Pb (x) − ωa Pa (x).

(8.30)

The total input energy per time unit in a dichotomous flashing ratchet then reads
[61]
Ėin0 =

Z

L

dxV (x)r(x).

(8.31)

0

However, in our case, when the pump flashes back to the flat configuration, no
energy is recovered. Thus, we should not subtract this part of the cycle from the
energetic evaluation. Therefore, we will consider
Ėin =

Z

L

dxV (x)ωb Pb (x).

(8.32)

0

From a practical point of view, we now need to integrate our piece-like potential
V (x) according to the steady state probability Pb (x), which can be found from
(8.14) and (8.16) with the solution of the algebraic system regarding the Cij coefficients. Note that the integral can be split into two parts since the potential is
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Figure 8.7: Plot of the power input energy Ėin as a function of the flashing rate ω0 .
The dashed line represents the power input associated with the hydrolysis of one
ATP molecule in each cycle. The total flux is zero. The parameters are v0 = 20,
δ = 0.33 and σ = 0.5.

piece-wise linear. Expressed in dimensionless units, the input power reads
Ėin = v0 ω0

Z

δ

dz
0

z [ρ1 (z) − π1 (z)]
+
δ
2

Z

1

dz
δ

z [ρ2 (z) − π2 (z)]
1−δ
2



.

(8.33)

Since ρi (z) and πi (z) are sums of exponentials, the above integrals are doable.
In figure 8.7 we show the behavior of Ėin as the typical internal frequency ω0 is
varied.
In the following section we will translate all the dimensionless parameters into
real physical and biological units. In connection with real biomachines, one of the
conditions that we should require is that, in every cycle, the input energy of the
machine is not greater (equal at most when supposing no internal losses or other
kind of dissipation) than the hydrolysis of an ATP molecule, which releases around
20kB T . Then, since the typical time of a cycle is
τcycle = ωa−1 + ωb−1 ,

(8.34)

and the input energy associated with ATP consumption is around 20kB T , we have
that ĖATP = EATP /τcycle , which in dimensionless units yields
ĖATP = ω0

20
.
2 + 1/σ

(8.35)

In Fig. 8.7 we plot the above expression (dashed line) as a function of the frequency
ω0 . Note that power inputs above such line are unrealistic from a biological point
of view.
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Biophysical scale

So far we have completely solved the equations of the model and extensively examined, as a function of several parameters, the behavior of the ratio of concentrations
at both sides of the membrane and the particle flux created by the pump. Can all
that be placed in a biophysical context? Or, at least, can we dress such parameters
in units that have a meaning in a biological scale?
First, let us review the control parameters of our system. These are: the relative
height of the potential barrier to thermal fluctuations v0 , the global asymmetry of
the potential δ, the intrinsic rate of the transition between states ω0 , the MichaelisMenten constant kM , the base line concentration at one side of the membrane ρ0 ,
the typical length scale L, the area of the pump channel A, the viscosity coefficient
γ and thermal energy kB T . In all the explorations, these quantities were controlled
via dimensionless parameters. Now it is time to give plausible values for such scales
and parameters using some basic biological data applied to our physical systems.
The following references were used: [62, 63, 64, 65, 66, 67]. For instance, the length
of a molecular pump is of the order of L ≃ 5nm, while the effective opening
area at both sides is S ≃ 1nm2 . Given that at biological conditions (T = 310K)

thermal energy is kB T ≃ 4.28 10−21 J ∼ 4.2 pN.nm, together with the typical

value for the viscosity of water, the effective diffusion constant of the medium
yields D = kB T /γ ≃ 10−10 m2 /s. This leads to a typical time scale associated with
diffusion of the order τ = L2 /D ≃ 10−7 s.

It has been reported that the usual pump mode of operation is around the scale

of 106 Hz. Therefore, we would expect that our model has its maximum pumping
ability at precisely that rate. This means that since the optimal transition rate is
around ω0 ≃ 102 , back to dimensional units we are left with ω0 /τ ≃ 109 Hz. This
indicates two things. First, the effective viscosity must be much higher than just the
one of the water, so that the typical time-scale τ will be higher leading to a better
fit of the frequency. Secondly, this means that the theoretically predicted optimal
frequency is of the order of magnitude of the ones observed in real biological
pumps. Regarding the parameter σ that controls the ATP concentration, we will
consider the case in which the value of σ is so that the Michaelian behavior is not
saturated but at half value. Since fa = ω0 σ/(1 + σ), this means that σ = 1, leading
to fa = ω0 /2 and obviously fb = ω0 . We chose an asymmetry parameter δ of the
order of δ ≃ 0.25. This accounts for a spatial asymmetry of the pump machinery
in the membrane but without being unrealistically asymmetric. Finally, we are
left with v0 which measures the effective barrier height of the potential in thermal
energy units. Again, we expect it of the order of tens of kB T .
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Constants
Membrane width
Opening area
Thermal energy
Diffusion
Typical time
Model parameters
Spatial asymmetry
Potential barrier
Fluctuation rate
ATP concentration
Biological parameters
Fluctuation rate
Base concentration
Density ratio
Effective barrier
Energy input
Michaelis constant

Symbol
L
S
kB T
D
L2 /D
δ
v0
ω0
σ
ν
ρ0
ρ1 /ρ0
V0
Ein
kM

Typical scale
4 nm
2 nm2
4 pN.nm
10−10 m2 /s
10−7 s
Fit-Value
0.33
50
300
0.5
Prediction-Constraint
109 Hz
50 mM
10
50 kB T
EAT P ≃ 20 kB T
2mM

Table 8.1: Main parameters of the model, which have been physically tuned, mathematically optimized or biologically extracted.

The biologically suitable scales of the parameters of our system have been
just discussed. However, we still have two important physical constraints to apply.
They are useful from two points of view: they help in fixing the value of such
parameters and, at the same time, one can check whether our device can operate
in realistic conditions. First, we will impose that the pump is able to create a
concentration ratio of the order of ρ1 /ρ0 ≃ 10, given a concentration ρ0 = 1mM .

Together with this constraint, we also impose that in every cycle the energy spent
is the same that the one obtained from the hydrolysis of one ATP. This point was
elaborated in the previous section. Such constraint plus the energetic calculations
developed previously, allow us to adjust the parameter space of the model. Table
8.1 summarizes a possible set of self-consistent values of biological data, physical
constraints and model predictions. On the whole, the physical model we have been
dealing with has been solved and then tuned into biological units.
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Introduction
So far we have studied Brownian devices (motors and pumps) that are driven out of
equilibrium by means of temperature differences or time dependent perturbations.
As we explained, such systems are strongly influenced by the environment and thus
their behavior is dominated by fluctuations. Then, we considered mean values of
observable quantities such as the velocity of the motor, the heat flow between
thermal baths or the position of particles in a pump. That implied averaging with
respect to the ensemble of all possible realizations. However, and although the
effect of the stochastic part of the systems was captured in such first cumulants, the
intrinsic properties of the fluctuations (the rest of the cumulants of the probability
distribution) where integrated out.
In this third part of the thesis we will look closely at the properties of these
fluctuations in nonequilibrium small systems. In particular, we will explain and
illustrate with specific examples the so called fluctuation relations, which are basically elegant analytical properties for the probability distribution of entropy production. They are theoretically based in microscopic reversibility and, at the same
time, they hold for systems arbitrarily far away from equilibrium and not restricted
to the linear regime. There are different fluctuation relations depending on the dynamics they apply to, the magnitudes they relate or the state of the system they
refer to. Amongst the most relevant one finds:
• (1981) the old but recently rediscovered works of Bochkov and Kuzovlev
[68, 69].

• (1994) the first fluctuation theorem (claimed) by Evans and Searles [70].
• (1995) its contemporary mathematical version by Gallavotti and Cohen [71].
• (1997) the celebrated Jarzynski equality [72].
• (1998) its extension to stochastic dynamics by Kurchan [73].
• (1999) the Crooks relation [74].
• (1999) the works by Lebowitz and Spohn [75] and Maes [76].
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• (2001) a formalism for steady-state thermodynamics by Hatano and Sasa
[77].

• (2005) the integral fluctuation theorem for the total entropy production defined at the level of a stochastic trajectory by Seifert [78].

• (2005) an integral relation for the so-called housekeeping heat by Speck and
Seifert [79].

There also exist extensions of the fluctuation theorem [80, 81, 82] when in the
standard version some problems arise (we will dedicate some lines to this particular
problem related with the large deviation formalism). Furthermore, one can find in
the literature quantum versions of such results and even relativistic counterparts.
However, such fancy results are far away from the interest of this thesis. Apart from
their intrinsic value to theoretical physics, experimental applications and measures
based on such theoretical predictions have been developed. Of special relevance is
the work by Bustamante and coworkers [83, 84] (2002 and 2005) with nice RNA
pulling experiments. Recently, in the works by Seifert, Bechinger and Wrachtrup’s
groups [85, 86, 87] in Stuttgart in 2006 on the stochastic entropy production, its
properties have been measured experimentally. A pedagogical introductory article
explaining fluctuation relations can be found in [88].
The above references ordered chronologically give an idea of the historical timing of the field advances. This is all we wish to do from a historical point of view.
From now on we will present such fluctuation relations in the way we think it is
more understandable, simple and compact. One is always welcome to come back to
the papers and read the results with the original presentation and explanation of
the authors. As one can imagine, more than one thesis could be written to cover all
the aspects of fluctuation relations. In the present thesis, I just pretend to provide
the reader a clarifying and unifying framework for such fluctuation relations and
to give illustrations through simple examples.
The first chapter of this part tries to summarize and explain the essence of the
fluctuation theorems. Inspired by [89] we derive the main mathematical property
over which such relations lay on. Then, we discuss why and how the time reversal
involution together with an appropriate choice of boundary terms leads to all the
famous relations we have just cited. This comprehensive part, which is in essence
extracted from [90], offers a great perspective and a simple and elegant way to
prove and understand any fluctuation relation. Then, in the chapter that follows
we move on to work fluctuations. We briefly discuss two possible different definitions of work: W and W0 . This part is motivated by the recent claim in [91] on the
breakdown of the fluctuation relations due to inconsistencies with the definition of
work. Following [92], we use Hamiltonian dynamics to show the physical meaning
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of two different definitions of work. This can be object of controversy [93]. Then,
we show with very simple proofs two fluctuation relations; the Jarzynski equality for W and the Bochkov and Kuzovlev relation for W0 . Finally we discuss the
microscopic variables that capture the relevant information of irreversibility [94].
The chapter that follows is devoted to a less discussed fluctuation relation; the
one for the heat exchange between two bodies at different temperatures [95]. It
has two interesting and different features compared to the most studied relation,
namely, the Jarzynski equality. First, it does no deal with work performed externally with a controlled parameter but instead it focusses on heat that flows due
to temperature gradient. Secondly, two different temperatures play a role, instead
of the common monothermal scenarios of nearly all fluctuation relations. Third,
it is valid for any finite time of observation. This makes it different (and more
general) than other fluctuation relations, which are valid in the time-to-infinity
limit. Finally, we move to entropy production at the level of a single trajectory.
We present a simple example in a steady state in which Seifert’s definition of entropy production is particularized analytically. Once we have understood the basic
mathematic properties and the physical meaning, then it is time to discuss the
subtleties by testing and illustrating several relations. A clarification is necessary
here. A theorem is essentially a logical indicative conditional: if A, then B. Then B
(the conclusion) must be true if A (the hypothesis) is true. In other words, testing
a theorem only makes sense if one focuses on the sensibility of the conditions or
the applicability of the hypothesis to suppose such conditions. In doing so, we will
meet, amongst other, complicated and subtle issues related to time transients, distribution tails, initial conditions, large deviations, boundary terms and connecting
mechanisms.
On the whole, the next lines are about the distributions of all such relevant
fluctuating quantities that have a physical meaning (work, heat and entropy) and
how they are dramatically constrained by simple mathematical relations.

124

Chapter 9

Involutions and probability
relations
To decipher the mystery around fluctuation relations, let us split them in a mathematical property and a physical meaning (for the quantity fulfilling such mathematical relation). Concentrating on the former, just consider a series of values
that form a generic ”trajectory” denoted as z, whose outcome probability is p(z).
Then consider a transformation I that has the simple and only property I 2 z = z.
Note that the Jacobian associated with y = Iz must be unity. The mapping I is

called an involution. Now from the set of random values z and the operator I we

define another random variable σ as

σ(z) ≡ ln

p(z)
.
p(Iz)

(9.1)

The above expression measures the difference in surprise (from an information
theory point of view) of observing the outcome Iz versus z. Note that from the

involution properties one has σ(Iz) = −σ(z). We consider now the probability

distribution of σ itself, namely, p(σ). Directly from (9.1), this quantity fulfills the

following fluctuation relation:
Z
Z
p(σ) =
dz p(z)δ(σ − σ(z)) = dz eσ(z) p(Iz)δ(σ − σ(z))
Z
σ
= e
dy p(y)δ(σ + σ(y)) = eσ p(−σ).

(9.2)

The above simple manipulations lead to a detailed fluctuation relation for the
quantity σ, from which an integral version (he−σ i = 1) can be derived just from the

normalization property of the distribution. Having clarified the mathematical issue,
the second task is to decide which mappings I give rise, through the definition of

σ, to quantities that are of physical use or that have a physical meaning.
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Time reversal involution on the trajectory-process

Now suppose that we consider z to be a physical trajectory x(t) and that we choose
I to be the time reversal transformation. This is, given such sequence x(t) of total

duration tf , we have

I[x(t)] ≡ x(tf − t).

(9.3)

Note that the above mapping is indeed an involution since, applied twice to the
trajectory, it lets it unchanged. Consider now the pair X: a trajectory x and a
general protocol λ(t) that can be externally controlled, whose pair is denoted as
X ≡ {x, λ}.

(9.4)

We write the probability P of such generalized trajectory X as a function of an
action S introduced through
P(X) ≡ exp[−S(X)].

(9.5)

When we apply the time reversal to both the trajectory x and to the process λ
controlled externally, we call that a trajectory-process involution. Then we write
I(X) ≡ X̃ = {x̃, λ̃},

(9.6)

and we can define the following (and very relevant) quantity:
σ1 ≡ S(X̃) − S(X) = ln

P(X)
P(X̃)

(9.7)

Noticing that σ1 (X) = −σ1 (X̃) and using (9.2), one can easily obtain
pλ (+σ1 )
= eσ1 ,
pλ̃ (−σ1 )

(9.8)

where the subscripts explicitly indicate that the probabilities are obtained from
the forward or the reversed processes. Provided the protocol is symmetric under
time reversal or when the system is in a steady state, the subscript λ is irrelevant
and can be dropped out, leading to
p(+σ1 )
= eσ1 .
p(−σ1 )

(9.9)

The above two expressions are still lacking of physical meaning because we do
not known yet what σ1 corresponds to. Let us see how physical quantities can be
extracted from such asymmetric part of the path action under time reversal.
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9.1.1

Heat and boundary terms.

Besides the choice of the involution, there is still an additional freedom which
comes from writing the probability P(X), since one can factorize it as
P(X) = P (X|x0 )Φ0 (x0 ),

(9.10)

this is, in the initial probability distribution Φ0 (x0 ) and the conditional probability
P (X|x0 ) for trajectories X starting at the microstate state x0 . Obviously, the
corresponding time-reversed analog is
P(X̃) = P (X̃|xf )Φ1 (xf ),

(9.11)

where Φ1 (xf ) is the probability of the final microstate xf . From the definition in
(9.7) we have
σ1 = ln

P (X|x0 )
Φ0 (x0 )
.
+ ln
Φ1 (xf )
P (X̃|xf )

(9.12)

When the action is assumed to depend on thermal Gaussian white noise, the first
term in the r.h.s. of the last equation can generally be written as [73]
ln

P (X|x0 )
Q
= ,
T
P (X̃|xf )

(9.13)

where Q is the heat defined according to Sekimoto’s scheme. So the ratio of the path
is directly related to the heat dissipated in the medium, and thus to the entropy
production in the bath. Note that we take kB ≡ 1 and the units of entropy will

be implicit from now on. We will show the above relation in detail for a stochastic

dynamics modeled by a Langevin equation with Gaussian white noise in the last
chapter of this part. The above connection of the paths with the heat Q is indeed
quite generic. In fact, it has been shown to be extended also to non Markovian
systems [96] with Gaussian fluctuations. On the whole, the difference in surprise
when considering the time reversed trajectory yields
σ1 =

Q
Φ0 (x0 )
+ ln
.
T
Φ1 (xf )

(9.14)

Still, one can pick any normalized probability function for the initial and final
states respectively, Φ0 (x0 ) and Φ1 (xf ). Thus, the last term in the r.h.s. of the above
equation is a boundary term that introduces a really large freedom. This is because
there are, in principle, infinitely many different possible distributions which would
lead to as many different quantities σ1 fulfilling the fluctuation relation (9.8).
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A family of fluctuation relations

Let us choose different boundary terms and see how σ1 becomes a familiar quantity
at the same time that many celebrated fluctuation relations are recovered naturally.
Gallavotti-Cohen [71] fluctuation theorem. No matter which are the initial and final distributions, in the limit t → ∞ and provided the second term in

the r.h.s. of (9.14) is bounded, the dominant contribution to σ1 comes from the
heat dumped into the medium. Then, defining q ≡ Q/t, the following asymptotic
relation holds

lim

t→∞

1 p(+qt)
ln
∼ q,
t p(−qt)

(9.15)

which corresponds to the Gallavotti-Cohen fluctuation relation.
Crooks relation [74] and Jarzynski equality [72]. If the system is prepared in equilibrium, so that Φeq
0 (x0 ) = exp[(F (λ0 ) − V (x0 , λ0 ))/T ] and the final

state is chosen also as the canonical distribution at the corresponding value of the
control parameter, the boundary term reads
ln

Φ0 (x0 )
Φeq
0 (x0 )
= ln eq
= (∆V − ∆F )/T,
Φ1 (xf )
Φ1 (xf )

(9.16)

which inserted in σ1 yields
σ1 = (Q + ∆V − ∆F )/T = (W − ∆F )/T,

(9.17)

where have used energy conservation: W = Q+ ∆V . Then, the fluctuation relation
for σ1 turns out to be the famous Crooks relation
pF (+W )
= eβ(W −∆F ) ,
pB (−W )

(9.18)

where β −1 = T and the subscripts F and B indicate forward and backward schedule, respectively. Integrating Crooks relation leads to
Z
Z
−β(W −∆F )
−β(W −∆F )
he
i = dW pF (W )e
= dW pB (−W ) = 1,

(9.19)

which is the Jarzynski equality:
he−βW i = e−β∆F .

(9.20)

Seifert total entropy production [78]. Revisiting the freedom to specify
the boundary term, if we choose Φ0 (x0 , t0 ) as the initial distribution (with which
we would have to prepare the system) and Φ1 (xf , tf ) as the physical evolved one
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(thus obtained after solving the Fokker-Planck equation), one can identify
ln

Φ(x0 , t0 )
Φ0 (x0 )
= ln
≡ ∆sp
Φ1 (xf )
Φ(xf , tf )

(9.21)

as the entropy change in the system at the level of stochastic trajectories. Then,
since the logarithm of the ratio of the paths was shown to be the entropy dissipated
in the medium, ∆sm = Q/T , we have that
σ1 = ∆sm + ∆sp = ∆stot

(9.22)

is the total physical entropy that is produced in the nonequilibrium experiment,
whose probability distribution function is constrained by
pF (+∆stot )
= e∆stot .
pB (−∆stot )

(9.23)

The above relation and the identification of the total entropy production leads to
a generalization of all the above relations. For instance, the Gallavotti-Cohen fluctuation relation is directly obtained from Seifert’s when the time tends to infinity
and the transients can be neglected. The total entropy production is associated
to the heat dissipated in the bath. Another example is Crooks equality, which is
connected to Seifert’s by noticing that in Crooks scenario the total entropy production is related to the work dissipated, W − ∆F . Finally, we also integrate Seifert’s

relation to obtain an integral fluctuation relation
he−∆stot i = 1,

(9.24)

from which Jarzynski equality is recovered when ∆stot = Wdiss /T = (W − ∆F )/T .

9.2

Another involution: a weird example

Imagine that you want to create your own fluctuation theorem. Unfortunately, as
shown above, all the relevant relations involving time-reversal mappings have been
already discovered. So one needs to invent something different (although it may
be physically useless). As it is clear now from the mathematical point of view, the
fluctuation relation is something very simple. Thus, let us pick another involution
and apply it to an ensemble of trajectories of a simple Brownian particle.
In the sequel, it is shown how the specular image involution of a trajectory,
I[x(t)] ≡ −x(t),

(9.25)
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leads also to a functional σ2 ,
σ2 ≡ ln

P[{xf , x0 }]
.
P[I{xf , x0 }]

(9.26)

that fulfills a detailed fluctuation relation.
Note that instead of considering the complete trajectory x(t) we just take into
account the initial and final positions of the particle, x0 and xf , respectively, as if
one could only measure the initial and final points in an experiment. This choice
is just to make the following illustrations simpler. Then, we have the initial and
final states of a Brownian particle and we compare the probability of observing
them with the probability of observing the specular image of these positions. The
ultimate goal of the above involution and of the following calculations is just to
show that one could build up many different fluctuation relations but they would
not be physically relevant.

9.2.1

Case Study I

First we study an overdamped Brownian particle in a harmonic potential of stiffness k and under a constant force F . Its Langevin equation reads:
ẋ = −kx − F + ξ(t),

(9.27)

with ξ(t) the usual Gaussian white noise mimicking thermal fluctuations.
In order to particularize σ2 to this case, we first write
σ2 = ln

P (+xf | + x0 )
Φ0 (+x0 )
+ ln
.
P (−xf | − x0 )
Φ1 (−x0 )

(9.28)

Secondly, we choose the boundary terms as canonical distributions so that
r





F2
kx20 /2 + F x0
k
Φ0 (+x0 ) =
exp −
exp −
,
2πT
2kT
T
r




F2
kx20 /2 − F x0
k
Φ1 (−x0 ) =
exp −
exp −
.
2πT
2kT
T
Note that then
ln

Φ0 (+x0 )
F x0
= −2
.
Φ1 (−x0 )
T

(9.29)
(9.30)

(9.31)

In third place, we find the conditional probabilities of being at ±xf at time tf
given that the particle started at ±x0 a time t0 = 0. These read:
P (±xf | ± x0 ) =

√



(±xf − A± )2
1
,
exp −
2T B
2πT B

(9.32)
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Figure 9.1: Numerical test (dots) of relation (9.36) (solid line) with σ2 given in
(9.35) for the Brownian system defined in (9.27).

where
A± = −F/k + (±x0 + F/k)e−ktf ,
B = (1 − e−2ktf )/k.

(9.33)
(9.34)

After some algebraic manipulations we find
σ2 = −

2F (xf + x0 )
.
T (1 + e−ktf )

(9.35)

Then, for this particular quantity σ2 measured from the dynamics of the system
in (9.27), the following fluctuation relation must hold:
ln

p(+σ2 )
= σ2 .
p(−σ2 )

(9.36)

This is checked and shown in figure 9.1.
As we could expect σ2 has no general physical meaning. It is just a mathematical expression and only valid for the model under study. We have a fluctuation
relation but it is physically useless.

9.2.2

Case Study II

One could say that the last model was too simple. To finish this introductory
chapter we work out a second example: a Brownian particle but now driven in
time by means of a moving potential. The corresponding Langevin equation is
ẋ = −k(x − ut) + ξ(t).

(9.37)
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The boundary terms are again chosen as canonical distributions,
Φ0 (+x0 ) = Φ1 (−x0 ) =

r



k
kx20
exp −
,
2πT
2T

(9.38)

which coincide and so the logarithm of their ratio vanishes. The conditional probabilities are a little bit more involved but we find:


(±xf − utf − C± )2
1
√
,
P (±xf | ± x0 ) =
exp −
2T B
2πT B

(9.39)

with
C± = −u/k + (±x0 + u/k)e−ktf .

(9.40)

Finally, the expression for σ2 yields (in this case)
σ2 =

[1 − ektf + ktf ektf ]
u
[xf − x0 e−ktf ]
.
T
sinh(ktf )

(9.41)

And again we expect that the (physically useless) fluctuation relation in (9.36)
holds as well for the expression of σ2 in (9.41) when the dynamics is commanded
by (9.37).

Chapter 10

Work fluctuations
After the short introduction of the previous chapter, which offers a general overview
of the fluctuation relations, in this chapter we will concentrate on work fluctuations.
In particular, we wish to devote now a few pages to the most popular fluctuation
theorem: the ”Nonequilibrium Equality for Free Energy Differences” by Jarzynski
[72]. Such an expression relating the work W with the free energy difference ∆F ,
he−βW i = e−β∆F ,

(10.1)

has become the seminal burst to the field of nonequilibrium fluctuation relations.
We will concentrate on its original derivation, which lies in a Hamiltonian picture.
As we will see in a few lines, this makes the derivation very simple (or at least,
very short) and only a couple of conditions are required: the system must be initially prepared in canonical equilibrium and, during the nonequilibrium excursion
controlled by the external protocol λ(t), the system must be disconnected from the
heat bath so that an isolated Hamiltonian evolution takes place. Ideally, one would
finally reconnect the system to the original reservoir at the same temperature at
the end of the experiment. Before writing down and discussing a ”one-line” proof
of the above expression, we will comment on two important aspects that can be
problematic or, at least, subject to a criticism: the presence or absence of a thermal bath and the definition of work. We will conclude the chapter identifying the
variables that are sufficient to fully identify irreversibility, providing a connection
between Hamiltonian and stochastic descriptions.
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10.1

To work or not to work: that is the question

What is exactly the meaning of W in equation (10.1)? In other words, what is the
recipe to calculate the so called work in practice? Are there more than one plausible
definitions in order to have a good physical meaning plus the surprising properties
of relation (10.1)? In fact, there exist different physical interpretations which are
used in the context of thermodynamic systems driven away from equilibrium. If
one uses another expression different from W , let us say W0 (we will see what we
mean in short), it is quite likely that the l.h.s. of relation (10.1) will not provide
the free energy difference ∆F . The discussion that follows is essentially extracted
from Ref. [92].
Let us consider an arbitrary system described by classical Hamiltonian mechanics. The positions of all the particles are denoted as q = (q1 , ..., qN ) and their
momenta as p = (p1 , ..., pN ), so that Γ = (q, p) is the point in phase-space that
describes the microscopic state of the system. Consider an external force λ(t) (usually regarded as the external protocol), through which we will act on the system.
Thus, λ is our control parameter. The dynamics of such system described by the
Hamiltonian
H(Γ; λ) = H0 (Γ) − λ · Q(Γ),

(10.2)

where Q(Γ) is by definition the conjugate variable of the external force: Q = −∂λ H.

Note that we have linearized the disturbance. Now one can write down two different
expressions which account for different definitions of work:
W
W0

Z

Z

τ

∂H
dt λ̇(t)Q(Γt ) = dλ
≡ −
,
∂λ
Z
Z τ0
dt λ(t)Q̇(Γt ) = λ dQ.
≡

(10.3)
(10.4)

0

The first one reminds us of expression

R

dt ∂t V (x, λ(t)), which was introduced

when discussing the stochastic energetics of small systems. Thus, it has to do with
the work in disquisitions related to the microscopic foundations of macroscopic
thermodynamics. The second expression is the common force versus displacement
R
integral, F dx, of mechanics books. In fact, W is frequently called the thermodynamic work and W0 the mechanical work. There is no physical principle to decide

which is the ”correct” one. It is a matter of convention: whether the perturbation
is considered as an external perturbation or as a time-dependent contribution to
the internal energy.
Then, what is the internal energy of the system with microstate Γ = (q, p)?
One can consider that it is the bare Hamiltonian H0 (Γ), so that there is a fixed
energy landscape and forces do not appear in the definition of energy. Conversely,
one can consider an inclusive framework in which the energy depends and changes
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as λ is manipulated. Then the energy of the system is given by H = H0 − λ · Q. Let

us see the connection of these two ways of interpreting the internal energy with
the definitions of works W and W0 . From classical mechanics we know that
∂H
∂H
∂H
d
H(Γt ; λt ) =
q̇ +
ṗ +
λ̇ = −Qλ̇,
dt
∂q
∂p
∂λ

(10.5)

where we have used that q̇ = ∂p H, ṗ = −∂q H and Q = ∂λ H. Then it is simple to
obtain

d
d
H0 (Γt ) = [H(Γt ; λt ) + λQ] = λ · Q̇.
dt
dt

(10.6)

Thus we find that the original expressions for both works read
W

= H(Γτ ; λτ ) − H(Γ0 ; λ0 ),

W0 = H(Γτ ) − H0 (Γ0 ).

(10.7)
(10.8)

This shows that the difference comes from including the potential energy of the
applied force in the internal energy, since W0 − W = λ · Q. Thus, on the whole,

all the ambiguity is translated into what we mean by the internal energy of the
system of interest.

10.2

Jarzynski equality and Bochkov-Kuzovlev relation

The importance of Jarzynski equality stems from the fact that it tells how to
obtain the free energy difference ∆F from a repetition of nonequilibrium schedules
controlled by λ(t) arbitrarily far away from equilibrium. Its value is two-fold: first,
it is one of the few theoretical results valid out of equilibrium even beyond the
linear response regime. Secondly, it is (in principle) a practical expression from
which one could measure, in finite-time experiments, the free energy difference
∆F associated with initial and final states controlled by λ0 and λτ :
∆F = F (λτ ) − F (λ0 ) = −β −1 ln

Z(λτ )
,
Z(λ0 )

(10.9)

where β −1 ≡ kB T and Z(λi ) is the known partition function of statistical mechan-

ics. In the relations we are going to prove below, we will always consider that the
system is initially prepared in equilibrium. This can only be done by putting it in
contact with a heat bath at temperature T . Then the nonequilibrium excursion
starts. Such scenario belongs to the so-called transient experiments.
The proof of Jarzynski equality (which has to do with W and not with W0 ) is
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as follows:
D

e−βW

E

=
=
=
=

Z

Z

dΓ0 peq (Γ0 ; λ0 )e−βW (Γ0 )

e−βH(Γ0 ;λ0 ) −β[H(Γτ (Γ0 );λτ )−H(Γ0 ;λ0 )]
e
Z(λ0 )
Z
1
dΓ0 e−βH(Γτ (Γ0 );λτ )
Z(λ0 )
Z
1
Z(λτ )
= e−β∆F .
dΓτ e−βH(Γτ ;λτ ) =
Z(λ0 )
Z(λ0 )
dΓ0

(10.10)
(10.11)
(10.12)
(10.13)

Let us discuss them in detail:
• The step in (10.10) implies that the system is initially prepared in canonical

equilibrium at temperature T and that the evolution afterwards is purely
Hamiltonian (which implies a smooth disconnection from the thermal bath ).
Then, the history of every trajectory is only determined by its initial position,
which is statistically distributed according to peq (Γ0 ; λ0 ) and we only need

such distribution (and not any kind of path probability) to compute the
average brackets.
• In (10.11) one only makes use of the standard form of the equilibrium distri-

bution and also the definition of W is explicitly written as a function of the
total Hamiltonian difference. Note that we explicitly write Γτ as a function
of Γ0 to remind the deterministic nature of the system.

• In (10.12) we pull the partition function Z(λ0 ) out of the integral and we
note that the exponentials of −βH(Γ0 ; λ0 ) cancel. Note that this would not

happen if one uses a different expression than W .

• In (10.13) we are very close to the end. Since the Jacobian associated to the

transformation of change of variables from variable Γ0 to Γτ is unity due
to Liouville’s theorem, we can rewrite the integral as precisely the partition
function at λτ . Then the ratio of partition functions yields e−β∆F .

Next, we write down the proof of the Bochkov-Kuzovlev relation, which is in
appearance analogous to Jarzynski’s but W0 is used instead of W . Then, the free
energy difference does not appear. It reads:
D

−βW0

e

E

=
=
=

Z

Z

dΓ0 peq (Γ0 ; λ0 )e−βW0 (Γ0 )
dΓ0

1
Z(λ0 )

e−βH0 (Γ0 ) −β[H0 (Γτ (Γ0 ))−H0 (Γ0 )]
e
Z(λ0 )
Z
dΓ0 e−βH0 (Γτ (Γ0 ))

(10.14)
(10.15)
(10.16)
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=

1
Z(λ0 )

Z

dΓτ e−βH0 (Γτ ) =

Z(λ0 )
= 1.
Z(λ0 )

(10.17)

In (10.15) one has to consider that the external control parameter is switched off
at the beginning of the experiment, which yields H(Γ0 ; λ0 ) = H0 (Γ0 ).
On the whole, as someone said, one could choose a spoon (W0 ) to eat a soup
(obtain 1 from the Bochkov-Kuzovlev relation) and a sword (W ) to dig a hole
(obtain ∆F from the Jarzynski equality). It is better not to take the spoon and
then lament that the hole cannot be dug [93]. However, it is true that in the realm
of thermodynamics of small systems the connection between solidly established
macroscopic definitions and their fluctuating microscopic analogues has not been
perfectly clarified yet.

10.3

To bath or not to bath: that is another question

With this weird title we pretend to briefly draw the attention to issues related with
the thermal bath such as disconnection effects, isolated evolution and the final state
of the system. First, the hypothesis that the initial disconnection with the heat
bath does not involve an energetic term that affects the equality can indeed be
proved. In any case and as we saw in the previous chapter, there exists a stochastic
version of the Jarzynski equality stemming from Seifert’s entropy production in
which such disconnection is not needed and the system of interest is constantly
in contact with a heat bath. Recall then that the logarithm of the ratio of paths
probabilities leads to the heat dumped in the environment. Secondly, concerning
Hamiltonian evolutions, it is true that imagining a real system evolving in an
isolate fashion is far from reality. Thus one should and could suggest theoretical
frameworks in which the bath is present throughout the nonequilibrium excursion.
Indeed, this is feasible and useful but, from a fundamental point of view, which
would be the hypothesis or approximations to model such a heat bath? This is,
from a mathematical point of view, reducing the effect of the NA particles into a
thermal Gaussian white noise (for instance) would imply many more steps than
the hypothesis of isolate evolution. Another important detail to stress and that
can be confusing is that, although at one point of the mathematical proof one
finds an integral which leads precisely to the free energy at the final value of the
control parameter, no assumption on the final state of the system is made. This is
important to keep in mind: we need to prepare the system in equilibrium, perturb
it externally from λ0 to λf in a finite time tf but, in order to use Jarzynski’s
equality, we do not need to measure anything else after that time nor to wait until
the system reaches its actual equilibrium distribution at the value λf . Finally,
a pragmatic issue is how likely such formulas apply in practice. We will focus
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on that by means of analytically treatable models and numerical simulations in
the following chapters. However, before that, let us discuss why the work can by
itself capture the whole irreversibility in transient fluctuation relations, to which
Jarzynski equality and Crooks relation belong.

10.4

Revealing the arrow of time

Combining what we learned in the introductory part to fluctuation relations and
the recent proof and discussion of the Jarzynski equality, we can now ask a more
profound question: how can the mean work dissipated be explained from a microscopic point of view? This is, where does the irreversibility come from in terms of
a detailed microscopic description? Can we keep track of the arrow of time? In the
following lines we will try to keep track of the ”footprints” of irreversibility [94].
Within the previous Hamiltonian description, let us consider a system described
by the Hamiltonian H(Γ, λ) with Γ = ({q}, {p}) a point in phase space, representing all position and momentum variables. λ is an external control parameter, for

example the volume or an external field. The system is perturbed away from its
initial canonical equilibrium at temperature T by changing this control parameter
according to a specific schedule, from an initial to a final value. For simplicity,
we will assume that during this time the system is disconnected from the outside
world, except for the action of changing λ. This assumption makes the derivation
and discussion simpler, even though the result can be shown to have a much wider
range of validity [97]. We also consider the time-reversed schedule, in which the
system starts in canonical equilibrium at the same temperature T , but at the final
value of the control parameter, and the time-reversed perturbation in λ is applied. We will use the superscript “tilde” to refer to corresponding time-reversed
quantities (including, by convention, the change of sign for momentum variables).
The quantity of interest is the amount of work W performed during the forward
process. Since the system is isolated, W is equal to the energy difference of the
system between final and initial state. While the final state is the deterministic
outcome (prescribed by Hamiltonian dynamics) of the initial condition, the latter is
a random variable in view of the canonical sampling. Therefore W is also a random
variable. In the following, it will be useful to regard the work W as a functional of
the specific microscopic trajectory followed by the system. As mentioned above,
such a trajectory is completely specified by the initial condition, but also by the
micro-state Γ of the system at any intermediate time t. By the conservation of total
energy and of the phase-space density along any Hamiltonian trajectory, in [98]
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the following explicit expression was derived for the corresponding work W (Γ; t):
W (Γ; t) − ∆F = kB T ln

ρ(Γ; t)
.
ρ̃(Γ̃; t)

(10.18)

Here ρ(Γ; t) and ρ̃(Γ̃; t) are the phase space densities at the same (forward) time
t in forward and backward experiment. If the system is reconnected after the
perturbation to a (ideal) heat bath at the temperature T , the dissipated work
Wdis = W (Γ; t) − ∆F will be evacuated to the heat bath, resulting in a total

entropy production equal to Wdis /T . The above formula is thus the microscopic

analogue of the path-dependent entropy production proposed in various stochastic
models [73, 74, 76, 78, 99, 100, 101, 102].
Our emphasis here however is on the average dissipated work or average entropy
production. Starting from the same Eq. (10.18), we derive for this average two
different expressions, the combination of which will lead to a general prescription
revealing the variables that capture irreversibility. First, we derive from Eq. (10.18)
a symmetry relation for the probability distribution P (W ) of the work as follows:
P (W ) = hδ(W − W (Γ; t))i
Z
=
dΓρ(Γ; t)δ(W − W (Γ; t))
Z
=
dΓeβ(W (Γ;t)−∆F ) ρ̃(Γ̃; t)δ(W − W (Γ; t))
Z
β(W −∆F )
= e
dΓ̃ρ̃(Γ̃; t)δ(W + W̃ (Γ̃; t))
= eβ(W −∆F ) P̃ (−W ),

(10.19)

since the work in the backward processes verifies W̃ (Γ̃; t) = −W (Γ; t) (recall now
the involution mappings on σ described in the introductory section). This microscopic Crooks’ relation was obtained in the context of Markovian stochastic
dynamics by Crooks [103], and later extended to Hamiltonian dynamics in [104].
The above result is usually viewed as an interesting relation for the probability
distribution of the work. It however also provides a revealing expression for the
average work. By solving Eq. (10.19) for W and averaging over P (W ), one finds:
hW i − ∆F = kB T

Z

dW P (W ) ln

P (W )
= kB T D(P (W )||P̃ (−W )). (10.20)
P̃ (−W )

Here, we introduced the relative entropy, or Kullback-Leibler distance, between
two probability distributions p(x) and q(x) [105]:
D(p||q) =

Z

dxp(x) ln

p(x)
.
q(x)

(10.21)
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The relative entropy and its powerful properties will play a central role in the
sequel. At first sight, it may appear superfluous to express the average hW i, which

is obviously just an integral of P (W ), in terms of a more complicated expression

involving the second probability distribution P̃ for the reverse experiment. But the
following two important properties of the relative entropy [105] reveal an additional
benefit. Firstly, a relative entropy is non-negative. Eq. (10.20) thus implies that
the dissipated work hW i − ∆F is a positive quantity, in agreement with the second

law. Secondly, the relative entropy expresses the difficulty for distinguishing samplings from two distributions. The dissipated work is thus equal to the difficulty
to distinguish the arrow of time from the statistics of the work involved in forward
versus backward experiment. The main interest of Eq. (10.20) however comes from
its comparison with an expression for hW i in terms of the micro-dynamics, which
we proceed to derive below.

By performing the straightforward average in Eq. (10.18), we find [98]:
hW i − ∆F = kB T

Z

dΓ ρ(Γ; t) ln

ρ(Γ; t)
= kB T D(ρ||ρ̃).
ρ̃(Γ̃; t)

(10.22)

In comparison with Eq. (10.20), the above result fully reveals the microscopic nature of the dissipation, but it may appear to be of little practical interest. Indeed,
it requires full statistical information on all the microscopic degrees of freedom of
the system (even though only at one particular time). This stringent requirement
is obviously on par with the generality of the above result, which is valid however
far the system is perturbed away from equilibrium. The perturbation could therefore imprint its effect on all the degrees of freedom and their complete statistical
properties would be required to reproduce the corresponding dissipation.
While Eqs. (10.20) and (10.22) provide two different exact expressions for the
dissipated work, we note that the formulas for entropy production in coarse grained
descriptions are usually in terms of path integrals. The determinism of Hamiltonian
dynamics is then replaced by stochastic dynamics. Eq. (10.20) can be considered
to be a path integral version since the work W will, in a reduced description,
indeed depend on the path followed by the coarse grained variables during the
perturbation. To derive a path integral version of Eq. (10.22), we invoke another
property of relative entropy [105], known as the chain rule. The relative entropy
between probability distributions p(x, y) and q(x, y) of two random variables can
be written as follows:
D (p(x, y)||q(x, y)) = D (p(x)||q(x)) +

Z

Z
p(y|x)
dx p(x) dy p(y|x) ln
. (10.23)
q(y|x)

If the random variables are related to each other by a one-to-one function x = f (y),
their conditional probabilities become infinitely sharp and the second term in the
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r.h.s. of Eq. (10.23) vanishes. One then finds:
D (p(x, y)||q(x, y)) = D (p(x)||q(x)) = D (p(y)||q(y)) .

(10.24)

In words, the addition of dependent variables does not modify the relative entropy. Since Hamiltonian dynamics generates such one-to-one relations between
the micro-states at different times, one can specify in Eq. (10.22), without changing the value of the relative entropy, the micro-state Γi of the system at as many
additional measurement points in times ti , i = 1, ..., n, as one likes:
hW i − ∆F = kB T

Z Y
n
i=1

dΓi ρ({Γi ; ti }) ln

ρ({Γi ; ti })
.
ρ̃({Γ̃i ; ti })

(10.25)

In the continuum limit covering the entire time interval (with n → ∞), one thus
converges to the following result in terms of a path integral, see also [106]:
hW i − ∆F

= kB T

Z

D(path)P(path) ln

g
e path)).
= kB T D(P(path)||P(

P(path)
g
e path)
P(

(10.26)
(10.27)

This expression, while containing redundant information from the point of view
of Hamiltonian dynamics, has the important advantage that it is also exact and
formally identical, as shown below, when the paths are expressed no longer in terms
of microscopic variables but in terms of an appropriate set of reduced variables.
Furthermore, in the latter case, the path formulation is no longer redundant since
the trajectory captures information about the eliminated degrees of freedom. The
identification of the minimal set of variables, for which the elimination is valid,
follows from the combination of Eq. (10.27) with the Crooks’ result Eq. (10.20).
One finds:
g = D(P (W )||Pe (−W )).
e path))
D(P(path)||P(

(10.28)

This is a surprising relationship: from the chain rule for the relative entropy,
Eq. (10.23), one would expect that the relative entropy for the paths, which contains full information on all the microscopic variables, would be bigger than that
contained in the work, which is a single scalar path-dependent variable. However,
both relative entropies are exactly the same. The combination of Eqs. (10.27) and
(10.28) allows us now to formulate the following main conclusions. First, it is impossible via relative entropy to overestimate the dissipation. Second, the exact
dissipation is revealed by any set of variables that contains the statistical information about the work. The fact that the dissipation is underestimated if we do not
have this information is also of practical interest, but will not address it here.
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One set of variables that captures the information on the work is now easy to
identify: the information is obviously contained in the dynamic variables that are
interacting with the (external) work-performing device. More precisely, the work
performed along a trajectory Γ(t), t ∈ [0, τ ], is given by:
W =

Z

0

τ

dt

∂H(Γ(t), λ(t))
λ̇(t)
∂λ(t)

(10.29)

and can be exactly calculated from the path followed by the variables coupled to λ.
Then it is enough to know the (statistical) behavior of these variables to reproduce
the statistics of the work, and hence the average dissipation. Trajectory information
of these and only these variables, along the whole (both forward and backward)
process, is enough to account for the total average dissipation. In particular, if
a stochastic model provides the exact description of a system in its interaction
with an external device, one needs only the path information of these variables.
Eq. (10.27) is thus valid for a “correct” stochastic model with the path determined
in terms of the corresponding stochastic variables. As a corollary, we note that bath
variables which are replaced (in some ideal limit) by a stochastic perturbation, will
not appear in the “path”, which is in terms of the variables of the stochastic system
only.
Finally, let us mention another surprising consequence of the above equality
(10.28). By applying the chain rule, Eq. (10.23), one finds:

and hence:

g − W )) = 0,
e path|
D(P(path|W )||P(

(10.30)

g − W ),
e path|
P(path|W ) = P(

(10.31)

for all W . Eq. (10.30) means that, by selecting trajectories corresponding to a given
value of work, W and −W , in the forward and backward process respectively, it
is not possible to detect the arrow of time in them. According to Eq. (10.31),

the sub-ensembles of these trajectories are in fact statistically indistinguishable!
As an example, the snapshots of the positions of particles, during the expansion
and compression of a gas, will be statistically identical, when the corresponding
amounts of work are each other’s opposite. For the folding or unfolding of an
RNA molecule [107], the trajectories are statistically indistinguishable, again if the
amounts of works are opposite. We however also note that, according to the Crooks’
relation Eq. (10.19), the probabilities for such forward and backward trajectories
will be very different if the experiment is performed in an irreversible way. If, e.g.,
the forward set corresponds to typical realizations, the same set of trajectories will
be atypical for the backward experiment [106] (except if the process is reversible).

Chapter 11

Heat fluctuations
The Jarzynski equality has been extensively studied in many publications. Work
fluctuations and the properties of their probability distributions have been derived in several models. In contrast, not much attention has been paid to heat
fluctuations themselves. As we showed in the introductory chapter on fluctuation
relations, the heat explicitly appears when building up the contribution of the
difference in surprise of observing the time-reversed path. However, we did not
discuss any particular theorem involving explicitly the distribution of heat. It is
true that the Gallavotti-Cohen relation focus on the entropy generated in the limit
of time going to infinity. There the boundary terms were discarded and the only
quantity surviving was the heat. But, as we will comment further on, neglecting
these boundary terms can have dangerous consequences. What is more, the latter
relation is not valid for finite times. Regarding similar symmetries of the probability distributions of heat, there are only a few contributions to the topic [79, 80, 81],
where one thermal bath was considered. Moreover, there indeed exists a fluctuation relation for the heat exchange between two bodies at different temperatures
and during a finite time [95]. The main goal of the this chapter will consist in
exploring such result, applying it to a simple Brownian device [108] and testing
the sensibility of the hypothesis of the theorem.

11.1

Fluctuation theorem for heat exchange

Jarzynski and Wojcik [95] derived the so called eXchange Fluctuation Theorem
(XFT). Consider two systems initially prepared at different temperatures T1 and
T2 , then placed in thermal contact with one another for a certain time and, finally,
separated again. The theorem states that the probability distribution p(Q) of the
heat exchange Q satisfies
ln

p(+Q)
= ∆βQ,
p(−Q)
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where ∆β = 1/T1 − 1/T2 , and kB = 1 is taken for simplicity. Both systems must

be prepared in equilibrium and, when put in contact, no other interactions are
considered. The theorem holds for any period of time t during which we may

keep the systems in contact. This is a very interesting result because, in the first
place, it focus on the essence of heat fluctuations, secondly, it is valid for all times
and, finally, due to its universal character, the prediction depends only on the two
temperatures and not on any characteristic of the subsystems.
Nevertheless, the XFT is valid for the presence of heat exchange only, without
considering other sources of energy such as external work or the energy involved in
the connecting mechanisms. In fact, in its derivation it is assumed that the heat lost
by one bath is exactly gained by the other and, thus, the theorem only focus on the
heat interchanged Q. However, any two systems put in contact need a mechanism
that connects them and therefore an interaction term must be considered and its
relevance has to be studied. Then, the applicability of the XFT to a particular or
realistic operating system is an important issue to clarify. Consequently, it would
be very illuminating to test the theorem for specific models with well controlled
connecting mechanisms and explore the domain in which the XFT holds in this
new and non ideal scenario. We must also notice that when work comes into
play the heat exchange must be revised because, according the Second Law, both
baths interchange different amounts of heat. As discussed in the first part of the
thesis, two-temperature Brownian motors are built from two subsystems immersed
respectively in two thermal baths at different temperatures and connected by a
mechanism. Such type of devices are perfect candidates to be test models in order
to study heat fluctuations. Let us examine the properties of such fluctuations.

11.2

Test of the theorem for a Brownian transducer

We consider the very simple system shown in Fig. 11.1. It has two degrees of
freedom, x and y, at different temperatures T1 and T2 , and connected through a
harmonic spring potential, V (x, y) = (k/2)(x − y)2 . The Langevin equations of

motion of this device in the overdamped limit (also setting the friction equal to
one) are
ẋ = −k(x − y) + ξ1 (t),

(11.2)

ẏ = −k(y − x) + ξ2 (t),

(11.3)

where ξ1 (t) and ξ2 (t) are independent Gaussian white noises of correlation
hξi (t)ξj (t′ )i = 2Ti δij δ(t − t′ ).

Supposing that T2 > T1 , then heat flows from the hot bath at T2 to the cold one

at T1 through the spring (note that it is meaningless to think that the spring has
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Figure 11.1: Passive Brownian transducer and its basic energetic scheme.

any temperature). We call Q ≡ Qout2 the heat coming out from the heat reservoir

at T2 , while we denote the heat dissipated in the bath at T1 as Qin1 . As we have
seen in several occasions, their expressions read
Q̇out2 = −(y − ξ2 )ẏ = −k(x − y)ẏ,

(11.4)

Q̇in1 = +(x − ξ1 )ẋ = −k(x − y)ẋ.

(11.5)

As already discussed in the first part of the thesis when the stochastic energetics
was introduced, one must note that, due to the internal energy stored in the spring,
Qout2 is not exactly equal to Qin1 . Heat is released from the subsystem at T2 , then
transmitted through the spring, which stores it as internal energy, and finally, some
of it is dissipated to the bath at T1 . See figure 11.1. Note then that
Z

dx∂x V (x, y) = ∆V + Qin1 ,

(11.6)

∆V ≡ V (x(tf ), y(tf )) − V (x(t0 ), y(t0 )) =

k
k
(xf − yf )2 − (x0 − y0 )2 .
2
2

(11.7)

Qout2 =

Z

dy∂y V (x, y) =

Z

dV (x, y) −

where

So, there is a notable difference in considering the heat as outcoming or incoming
because there is always some energy stored in the coupling mechanism. In other
words, Qout2 = Qin1 +∆V where ∆V is not a trivial contribution. Even in the limit
of very large times, although the boundary term ∆V seems to be negligible (since
it is not extensive in time while heats are), this is only true when considering its
mean value. However, detailed fluctuation relations are very sensible to the precise
fluctuating quantity. This is a tricky effect that affects the tails of the distribution.
It is mathematically explained through the large deviation theory.
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Figure 11.2: Histogram of the heat transfer Q for the ratchet, pawl and spring
Brownian motor (introduced in the first part of the thesis) when τ = 5, k = 100,
t = 1, V0 = 1, d = 12, T1 = 1 and T2 = 1.5. The continuous lines are Gaussian fits.

11.2.1

Simulations

It is not easy to exactly calculate the probability distribution function p(Q) of
the heat Q. In order to obtain such probability distributions we need to perform
simulations of the Langevin dynamics, calculate numerically the heat associated
to each set of stochastic trajectories x(t) and y(t), namely,
Q[x(t), y(t)] =

Z

dy(ξ2 (t) − ẏ)ẏ = −k

Z

dt(x − y)ẏ,

(11.8)

and then construct the histograms. When studying the properties of the heat distributions, we found that, in the limit kt >> 1, they are Gaussian–like. We performed
several tests with different values of the parameters involved. The kurtosis and the
skewness of the histograms obtained clearly indicate Gaussian distributions in this
limit (data not shown). These results are valid for the passive Brownian transducer
and, also, for more complicated models such as the ratchet, pawl and spring Brownian motor studied in the first part of the thesis. In Fig. 11.2 we show simulation
results for the latter model.

11.2.2

Theory

Based in this numerical result one can write the distribution of Q as


1
(Q − hQi)2
p(Q) =
exp −
.
2σ 2
(2πσ 2 )1/2

(11.9)

Accordingly, if we were able to calculate the mean value hQi and the variance
σ 2 ≡ h∆Q2 i we could test the fluctuation theorem prediction in a specific example.
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Let us show how to calculate these two cumulants analytically for the passive
Brownian transducer.
First cumulant. In order to calculate hQi, we rewrite Q by means of intro-

ducing the new variable Y (t) ≡ y(t) − x(t):

Q̇ = −k[x(t) − y(t)]ẏ(t) = −k2 Y 2 (t) + kY (t)ξ2 (t).

(11.10)

Thus the problem gets reduce to finding hY 2 (t)i and hY (t)ξ2 (t)i. From (11.2)

and (11.3) we find that Y follows a stochastic dynamics named as an OrnsteinUhlenbeck process:
Ẏ (t) = −2kY (t) + ξ2 (t) − ξ1 (t).

(11.11)

In the steady state, its first moment simply follows from averaging the equation. It
yields hY (t)i = 0. Its second moment is also easy to obtain by multiplying (11.11)

by Y and then averaging again. One finds

T2 + T1
.
2k

hY 2 (t)i =

(11.12)

Then its variance simply yields h∆Y 2 (t)i ≡ hY 2 (t)i − hY (t)i2 = (T2 + T1 )/2k.

Finally, its selfcorrelation at different times is

′

hY (t)Y (t′ )i = hY (t)i2 + h∆Y 2 (t)ie−2k|t−t | =

T2 + T1 −2k|t−t′ |
e
. (11.13)
2k

The second ingredient we need is the value of hY (t)ξ2 (t)i. For that we use

Novikov theorem, which is a shortcut to obtain the correlation between a Gaussian
noise ξ(t) and a functional of it, namely, Z[ξ(t)]. It reads:
′

hZ(t)ξ(t )i =

Z

0

t

′

hξ(t )ξ(s)i



δZ(t)
δξ(s)



ds.

(11.14)

Then setting Z(t) ≡ Y (t), we first calculate
δY (t)
=
δξ2 (s)

Z

t
0

′

e−2k(t−t )

δξ2 (t′ ) ′
dt = e−2k(t−s)
δξ2 (s)

(11.15)

and then
′

hY (t)ξ2 (t )i =

Z

t
0

′

2T2 δ(t′ − s)e−2k(t−s) ds = 2T2 e−2k(t−t )

(11.16)

for t > t′ . However, the correlation at the same time t = t′ is just
hY (t)ξ2 (t)i = T2 .

(11.17)
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because one must integrate just half of the delta function. A pedestrian way to
obtain the above results without using Novikov prescription consists in formally
integrating equation (11.11). Then one knows that only the terms from the formal
solution of Y (t) that contain ξ2 will average different than zero when first multiplied by ξ2 . One thus needs to focus only on one part of the formal result which is
the typical integral with an exponential term:
′

hY (t)ξ2 (t )i =
=
=

Z
Z

Z

t

0
t
0

t

−2k(t−s)

e
0




ξ2 (s)ds ξ2 (t )
′

(11.18)

e−2k(t−s) hξ2 (s)ξ2 (t′ )ids

(11.19)

e−2k(t−s) 2T2 δ(s − t′ )ds

(11.20)

′

= 2T2 e−2k(t−t ) ,

(11.21)

for t > t′ , and again hY (t)ξ2 (t)i = T2 at t = t′ . On the whole, the first moment
finally yields

hQ̇i = −k2 hY 2 (t)i + khY (t)ξ2 (t)i = −k2

T2 + T1
k
+ kT2 = (T2 − T1 ). (11.22)
2k
2

Therefore, the amount of heat transferred during a time t in the steady state is
hQi = t

k
(T2 − T1 ),
2

(11.23)

which is the familiar Fourier Law for heat conduction.
Second cumulant. This part is more involved. We wish to obtain:
σ 2 ≡ hQ2 i − hQi2 .

(11.24)

Working in units of power and using the extensivity of time in the steady state we
can write
d 2
σ = 2hQ̇Qi − 2hQ̇i2 t.
dt

(11.25)

We have already found the second term in the r.h.s of the last equation. We only
need to calculate hQ̇Qi, which yields



Z t
2 2 ′
′
′
′
2 2
hQ̇Qi =
[−k Y (t) − kY (t)ξ2 (t)] [−k Y (t ) − kY (t )ξ2 (t )]dt
0

= A + B + C + D,

(11.26)
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where
A = +k

4

Z

t

0

B = −k3
C = −k

3

D = +k

2

Z

t

0

Z

t

0

Z

t

0

hY 2 (t)Y 2 (t′ )idt′ ,

(11.27)

hY 2 (t)Y (t′ )ξ2 (t′ )idt′ ,

(11.28)

hY (t)ξ2 (t′ )Y 2 (t′ )idt′ ,

(11.29)

hY (t)ξ2 (t)Y (t′ )ξ2 (t′ )idt′ .

(11.30)

Note that we must perform averages of a product of four objects. For that we
will use Wick’s theorem, which allows us to express them in pairs (since they are
Gaussian-distributed). It reads
hf (t1 )f (t2 )f (t3 )f (t4 )i = hf (t1 )f (t2 )ihf (t3 )f (t4 )i
+ hf (t1 )f (t3 )ihf (t2 )f (t4 )i
+ hf (t1 )f (t4 )ihf (t2 )f (t3 )i.

(11.31)

Then, the integrand in A is
hY 2 (t)Y 2 (t′ )i = hY 2 (t)ihY 2 (t′ )i + 2hY (t)Y (t′ )i2 ,

(11.32)

whose first terms contribute with (T2 + T1 )/2k each, while the second term is
′

2

hY (t)Y (t )i =



T2 + T1
2k

2

′

e−4k(t−t ) .

(11.33)

Similarly, the integrand in B is
hY 2 (t)Y (t′ )ξ2 (t′ )i = hY 2 (t)ihY (t′ )ξ2 (t′ )i + 2hY (t)Y (t′ )ihY (t)ξ2 (t′ )i,

(11.34)

whose first product gives (T2 + T1 )/2k times T2 . The second is
hY (t)Y (t′ )ihY (t)ξ2 (t′ )i = T2

(T2 + T1 ) −4k(t−t′ )
e
.
k

(11.35)

From the integrand in C we have
hY (t)ξ2 (t′ )Y 2 (t′ )i = hY (t)ξ2 (t)ihY 2 (t′ )i + 2hY (t)Y (t′ )ihY (t′ )ξ2 (t)i.

(11.36)

We note that the time integral of the second term, because of hY (t′ )ξ2 (t)i, must

be zero for causality arguments. Thus the only contribution comes from the first
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term which gives
hY (t)ξ2 (t′ )ihY 2 (t′ )i = T2

(T2 + T1 )
.
2k

(11.37)

Finally, the integrand in D reads
hY (t)ξ2 (t)Y (t′ )ξ2 (t′ )i = hY (t)ξ2 (t)ihY (t′ )ξ2 (t′ )i

+ hY (t)ξ2 (t′ )ihY (t′ )ξ2 (t)i

+ hY (t)Y (t′ )ihξ2 (t)ξ2 (t′ )i.

(11.38)

The first term is just T22 , the second is zero for causality and the third is simply
obtained from the correlation of the noise. After performing the time integrals of
the above terms, we find (in the limit of large times t) that the contributions from
A, B, C and D yield
A = [(k/2)(T2 + T1 )]2 t + (k/8)(T2 + T1 )2 ,

(11.39)

2

B = −2 (k/2) T2 (T2 + T1 ) t − (k/8)(T2 + T1 )T2 ,

(11.40)

2

C = −2 (k/2) T2 (T2 + T1 ) t,
k
D = (kT2 )2 t + (T2 + T1 )T2 ,
2

(11.41)
(11.42)

and thus hQ̇Qi can be expressed as
hQ̇Qi =


2
k
k
(T2 + T1 )2 − t (T2 − T1 )
8
2

(11.43)

k
(T2 + T1 )2 − hQ̇i2 t.
8

(11.44)

which implies
hQ̇Qi =

Then, back to (11.25) in the steady state, the second cumulant yields:
k
σ 2 = t (T2 + T1 )2 .
4

(11.45)
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Figure 11.3: Prediction of the XFT [equation (11.1)] and the correction found
due to the coupling mechanism [equation (11.46)]. The dots are obtained from
numerical data. See text for explanation. The device considered is the passive
Brownian transducer taking τ = 0, k = 100, t = 1 and T1 = 1.

11.3

Discussion

Therefore, the numerical explorations and the above calculations imply that, in
the regime where the Gaussian ansatz is valid, the ratio of heat probabilities can
be expressed as
Y (Q) ≡ ln

2hQi
p(+Q)
= Q 2 = ∆βQ(1 − γ),
p(−Q)
σ

where
γ=



T2 − T1
T2 + T1

2

.

(11.46)

(11.47)

Note that expression (11.46) does not depend on any detail of the coupling mechanism. In Fig. 11.3 we plot the XFT (11.1), the new prediction for the passive
Brownian transducer (11.46) and results from numerical simulations, exploring
the T2 dependence. The symbols correspond to numerical data and deserve a careful explanation. The circles are obtained at kt = 100. For white circles, Y (Q) has
been obtained by direct analysis of the probability distribution functions of heat.
Around T2 > 2, negative values (Q < 0) are rare events and therefore the tails are
very difficult to observe directly. In fact, this is the typical difficulty or limitation
when measuring fluctuation relations. Black circles are obtained assuming Gaussian behavior of the tails, though it is important to note that the distributions are
still checked to be fitted (as far as we can asses) reasonably well by a Gaussian.
The higher the temperature T2 , the worse the Gaussian supposition is and so, for
T2 > 6, we cannot conclude anything about Y (Q). Finally, diamonds correspond to
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data at kt = 10 from which Y (Q) is directly measured from the histograms. This
case is also very instructive because the distributions observed are non-Gaussian.
The prediction (11.46) has also been checked satisfactorily (data not shown) in
the nonlinear ratchet, pawl and spring Brownian motor for kt = 100, V0 = 1 and
d = 12. Then our simulations indicate that, despite the rapidly increasing difficulty
to test the theorem, important and systematic deviations do appear.
We conjecture that the γ factor modifying the XFT is a signature of the important role of the coupling between both systems. This points out the applicability
of the theorem, which strongly depends on the main approximation made in the
derivation of the theorem. It consists in neglecting the interaction term coupling
the two bodies by assuming that the energy involved in the interaction mechanism
is much smaller than the typical energy change in both systems. When comparing
in our model the typical energy of the coupling mechanism (the mean value of the
potential energy of the spring hV i = (T2 + T1 )/4), and the typical energy change

in every subsystem (the heat released hQi), for the parameter values k = 100,

t = 1 and temperatures T2 = 5 and T1 = 1, we find hV i/hQi ∼ 0.0075. Therefore,
we must remark here that, although the interaction energy can be negligible, its
consequences regarding fluctuation properties are not.
In fact, the effect of the interaction term brings us to some difficult and technical issues. Regarding time limits, one can easily simulate the dynamics of the
passive transducer and wait until the the steady state is reached before computing
Q. This situation is not exactly the one described in the derivation of the XFT
relation. According to Ref. [95], both subsystems are in equilibrium and then connected for a time period t, during which one should compute the heat exchanged.
Thus, if the observation time is small, one cannot make the steady state approximation if the XFT relation is to be tested. For long times of observation (compared
with the typical time scale of the system, which is given by 1/k), where the steady
state is reached, we empirically found and showed by analyzing numerical data of
p(Q) that, for large values of kt (not smaller that 100) and not high temperature
gradients, it could be fitted by a Gaussian distribution. One should also study the
effect of the long time limit here. We did not evaluate all the cumulants of the
probability distribution for the heat exchange in the steady-state regime. Higher
cumulants shall be very small compared to the first and second ones. It would be
illuminating to see where the Gaussian behavior of the tails fails [109]. We have to
explicitly state that p(Q) is not rigorously Gaussian because Q(t) is a nonlinear
functional of a Gaussian Ornstein-Uhlenbeck process.
An important question (still to be scrutinized in more detail in the near future)
is the following: is there a fluctuation relation in this case? We do not claim that
there is not one. We have studied the conditions of observability of the JarzynskiWojcik fluctuation theorem in a model system in which the coupling mechanism is
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Figure 11.4: Numerical simulations (dots) and analytical prediction (line) of equation (11.50) for the relation of heat fluctuations versus the mean value of the
mechanical work in the Ratchet, pawl and spring Brownian motor model. The
parameters used are T1 = 1, T2 = 1.5, d = 12, V0 = 1, t = 1 and k = 100.

relevant and the observation time is necessarily finite. In the case in which the tails
of the distributions can be measured, we presented numerical evidence that the
system considered does not verify the XFT relation. Obviously, this is not due to
the theorem being wrong but to different conditions of our model and preparation
which may not correspond to the ones of the theorem. A different fluctuation relation, which was not within under the scope of our work, is the one by Gallavotti
and Cohen [71]. This relation is a remarkable result, but it is derived in the limit
of time going to infinity. We specifically considered the exchange fluctuation theorem because it is derived for any finite time. Both expressions coincide, but the
conditions of their derivation and their domain of applicability are very different.
By means of the large deviation function formalism (which requires the t → ∞

limit), the cumulant generating function of our model can be proved to have a
particular symmetry [110]. It is very important to note that such a symmetry by
itself does not lead to the fluctuation relation, since the role of initial conditions
together with the existence of a boundary term can be very relevant [82, 111, 112].
Finally, we must stress that there is still work to do to clarify all these unsolved
subtle features.
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11.4

Extension to torque contribution

Last, we want to explore the properties of the heat distributions when additionally
mechanical work is performed. Considering also a torque contribution τ in (11.2)
and proceeding as before for these type of calculations, the quantity hQi leads
1
hWi
hQi = t k(T2 − T1 ) − tτ 2 /4 = hQc i −
,
2
2

(11.48)

where hQc i is the mean heat conducted and hWi = tτ 2 /2 is the mean inserted

mechanical work. Due to the external work, heat is dumped in the cold bath but
also to the hot one. In fact, each bath dissipates half of the total work. It is worth
remarking that the sign of hQi can be reversed for hWi > 2hQc i, reversing the
heat flux, now from the cold bath to the hot one. The calculus of the variance is
more involved but we find
k
σ 2 = t (T2 + T1 )2 + hWiT1 .
4

(11.49)

Using these results and defining the ratio of the two (model dependent) energies
involved, r ≡ hWi/hQc i, the generalized relation for heat fluctuations reads
Y (Q) ≡ ln

p(+Q)
1 − r/2
= ∆βQ(1 − γ)
p(−Q)
1 + f (T1 , T2 )r

where
f (T1 , T2 ) =

2T1 (T2 − T1 )
.
(T2 + T1 )2

(11.50)

(11.51)

Note that now the particular mechanism matters. Nevertheless, although, expression (11.50) has been derived for a linear model, we can apply it to a nonlinear
case obtaining a very good agreement, as it is shown in Fig. 11.4. This means that
we have found the terms that gather the most relevant features and which work
even for nonlinear devices. Notice that the torque used is in general beyond the
stall torque of the motor performance. This is so because for very small loads, thus
the ones that this motor is able to lift, it is very difficult to observe changes in
the distributions of Q. We must also stress that our analytical prediction does not
involve any adjustable parameter and, as a consequence, it could be confronted
against other type of conducting and working devices.

Chapter 12

Entropy fluctuations
After dealing with fluctuations of energetic quantities such as work or heat we
move now to entropy fluctuations. In fact, fluctuation relations are intrinsically
related to irreversibility and thus the concept of entropy is always present somehow.
As we saw earlier, we can reckon these expressions as generally constraining the
probability distribution function of entropy production without relying on how
close the system is to thermal equilibrium. A number of complementary proposals
have been put forward and a considerable effort has been devoted to clarify the
similarities among them. Some years ago, a fluctuation theorem for stochastic
systems was derived by Seifert [78], based on the generalization of the concept
of entropy production to the level of a single stochastic trajectory. The overall
entropy production, namely the sum of the contributions from the environment
and the one from the particle along its trajectory, was shown to obey an integral
fluctuation relation (and in some cases a detailed one) for any initial conditions,
arbitrary driving and over a generic finite time interval. Recent experiments have
validated this theorem [85, 86] and the stochastic entropy production has been
measured experimentally for the first time [87].
In this chapter, we consider a Brownian particle diffusing on a periodic potential
under the action of an external constant force. Such system allows to carry out a
detailed study of the total entropy production and assess carefully the implications
of Seifert’s fluctuation theorem. We derive a simple closed analytical expression for
the total entropy production along a single stochastic trajectory of such Brownian
particle [113]. By numerical simulations we compute the probability distribution
functions of the entropy and satisfactorily test many predictions based on Seifert’s
integral fluctuation theorem, illustrating, in the steady state, the practical features
and implications derived from such a result.
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12.1

Entropy production along a stochastic trajectory

Let us revisit and apply the results in [78] regarding the definition of a consistent
expression for the total entropy production associated to one single trajectory:
Modeling framework. We study the stochastic dynamics of one degree of
freedom x such as the position of a particle in a one dimensional system, which
evolves according to a Langevin equation,
ẋ = F (x, λ(t)) + ξ(t),

(12.1)

where ξ(t) is a Gaussian white noise with autocorrelation hξ(t)ξ(t′ )i = 2T δ(t − t′ ).

We consider kB = 1 from now on. The force F (x, λ(t)) = −V ′ (x, t; λ(t)) derives
from a potential controlled through a time dependent external protocol λ(t).

Two sources of stochastic entropy production. The non-equilibrium
Gibbs entropy,
S(t) ≡ −

Z

dxp(x, t) ln p(x, t) ≡ hs(t)i,

(12.2)

can be interpreted as a mean over single trajectories as specified by the probability
p(x, t) of finding the particle at position x at time t. From the above expression,
Seifert proposed to export a particle entropy associated to its trajectory as
sp = − ln p(x(t), t).

(12.3)

Thus, the rate of change of entropy of the system can be derived from the FokkerPlanck equation for the probability p(x, t). As a the second contribution to the
irreversibility of the process, we consider the rate of heat dissipation as the increase
of entropy in the medium (per unit of time):
ṡm =

q̇(t)
F (x, λ)ẋ
=
.
T
T

(12.4)

Therefore, it is possible to write down the rate of change of total entropy ṡtot
associated with a single trajectory or realization as
ṡtot (t) ≡ ṡm (t) + ṡp (t) = −

∂t p(x, t)
p(x, t)

+
x(t)

j(x, t)
Dp(x, t)

ẋ,

(12.5)

x(t)

where we have introduced the particle flux, which for the Langevin dynamics we
are considering is given by
j(x, t) = µF (x, t) − D

∂p(x, t)
.
∂x

(12.6)
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Mathematical definition of R. In the spirit of previous fluctuation theorems, which relate the weights of trajectories with their time reversed counterparts,
we introduce the quantity R as
R[x(t), λ(t); p0 , p1 ] ≡ ln

p[x(t)|x0 ]p0 (x0 )
,
p̃[x̃(t)|x̃0 ]p1 (x̃0 )

(12.7)

which relates the weight of a trajectory with its time reversed analogue. Having
read the introductory chapter on fluctuation relations, the definition of the above
mathematical object should be very clear. The tilde refers to the time reversal
operation, which associates with a trajectory x(t), a reversed one x̃(t) = x(tf − t),

where tf is the duration of the process. The system is driven out of equilibrium by

an external control parameter that changes with time according to a prescribed
protocol λ(t).
Physical meaning of R. We split R into two contributions,
R = ln

p[x(t)|x0 ]
p0 (x0 )
+ ln
.
p̃[x̃(t)|x̃0 ]
p1 (x̃0 )

(12.8)

The first term on the r.h.s. involves the weight of the paths given a fixed initial
position. From the path integral approach to stochastic systems, it is known that
the probability to observe a given realization of the Gaussian white noise is

 Z t
dt′ ξ 2 (t′ )/4T .
p[ξ(t)] ∼ exp −

(12.9)

0

Such a Gaussian dependence can be used, together with the evolution equation
(Eq. (12.1)), to obtain an explicit expression for the transition probability p[x(t)|x0 ]
(and also p̃[x̃(t)|x̃0 ]) in terms of an integral involving the forces on the particle.
After some algebra, one then finds that such ratio is basically the heat Q[x(t)]
produced in such stochastic trajectory x(t) of total time duration tf :
ln

p[x(t)|x0 ]
1
=−
p̃[x̃(t)|x̃0 ]
T

Z

0

tf

V ′ (x, t)ẋdt =

Q[x(t)]
= ∆sm .
T

(12.10)

While R is in principle defined for any normalized distribution p1 (x̃0 ) = p1 (xf ),
it only becomes the total entropy production (and thus acquires a physical meaning) when p1 (xt ) = p(x, t) is the solution of the Fokker-Planck equation for the initial distribution p0 (x0 ). Then, the definition (12.3) yields ∆sp = ln p0 (x0 )/p1 (xt ),
the particle entropy change. Finally, we can identify R with the total entropy
production of the system,
R = ∆sp + ∆sm = ∆stot .

(12.11)
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12.2

Test of the theorem for a colloidal particle in a
steady-state

12.2.1

Theory

Let us consider a one dimensional stochastic system in which a particle is moving
in a periodic potential V (x) and under an external constant force F (so that we
restrict the general driving to the simplest case of constant driving in time and
space). The corresponding Langevin equation in the overdamped limit is
ẋ = −V ′ (x) + F + ξ(t),

(12.12)

where the friction coefficient has been absorbed in the time units for simplicity.
Then the noise is Gaussian, white, with zero mean and autocorrelation hξ(t)ξ(t′ )i =

2T δ(t − t′ ). This system is a simplified version of models analyzed previously in

Refs. [79, 114] to assess some aspects of the fluctuation theorem.

Our aim is to derive an explicit expression for R in the steady state. Considering
the splitting we did in the previous section, we note that the weight of the forward
and reversed paths reduces to a much simpler form,
ln

p[x(t)|x0 ]
= (F ∆x − ∆V )/T,
p̃[x̃(t)|x̃0 ]

(12.13)

where ∆x ≡ x(t) − x(0) = xt − x0 and ∆V ≡ V (xt ) − V (x0 ).

The second term of R (the boundary term) accounts for the ratio of the prob-

abilities of initial and final positions. We are interested in the steady state, and
thus p(x) follows easily from the corresponding solution of the Fokker-Planck equation. For a system under an effective potential U (x) = V (x) − xF , being V (x) an
arbitrary periodic function of period L, one finds
−U (x)/T

p(x) = N e

Z

x+L

dyeU (y)/T ,

(12.14)

x

where N ensures proper normalization. Since the system is in the steady state,

p0 (x) = p1 (x), which implies

p0 (x0 )
p(x0 )
=
,
p1 (x̃0 )
p(xt )

(12.15)

and hence the second term of Eq. (12.8) can be obtained from Eq. (12.14).
When inserting Eqs. (12.13), and (12.14) plus (12.15) into (12.8), a simple
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Figure 12.1: A) Periodic potential defined in Eq. (12.17) for L = 2π. B) Total
entropy variation R obtained from Eq. (12.19) as a function of the final position
xt (when the initial position is x0 = 0), for different values of the dimensionless
external force parameter f .

expression for R is obtained,
R = ln

R xt +L

dyeU (y)/T
xt
R x0 +L
dyeU (y)/T
x0

.

(12.16)

It shows that R can be computed exactly by integrating the effective potential felt
by the particle for every trajectory. It is worth mentioning that this expression is
only a function of the initial and final positions, which is a non trivial result. This
fact is of experimental relevance, since one does not need to keep detailed information of the complete trajectory to compute R. Note also that the exchange of x0 for
xt reverses the sign of R. We will exploit this important symmetry subsequently.
Further progress is feasible if a specific potential is chosen, so that the integrals determining R in the previous equation can be worked out analytically. In
particular, by picking the potential depicted in Fig. 12.1.A,
V (x) = V0 ln(cos(2πx/L) + 2),

(12.17)

Eq.(12.16) reduces to
R = ln

R xt +2π

dye−yf
x
R xt0 +2π
dye−yf
x0

(cos(y) + 2)v0
(cos(y) + 2)v0

,

(12.18)

where f ≡ F L/2πT and v0 ≡ V0 /T . For natural values of the parameter v0 ,

the integrals can be done analytically, yielding to an explicit expression for R as a
function of the initial and final values of the position of the particle for a trajectory
taking place during an interval t. Therefore, and without loss of generality, we
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consider v0 = 1. We then arrive at the simple expression
R = f (xt − x0 ) − ln

I(xt )
,
I(x0 )

(12.19)

where
I(x) = f 2 (cos(x) + 2) − f sin(x) + 2.

(12.20)

The first term on the r.h.s. of Eq. (12.19) is directly related to the external work
performed on the system by the external force F and then dissipated. The second
term has information about the potential V (x) and of the external force too. In
Fig. 12.1.B we show the increase of R as a function of the final position along
a trajectory, xt , when x0 = 0 for different values of the dimensionless driving
force f . When f is increased, the relative contribution of the periodic potential
to R decreases, as can be seen directly from Eq. (12.19). The interesting regime
corresponds to the situations in which the external driving, the periodic potential
and the thermal energy have comparable magnitudes. We will concentrate on such
regime from now on.

12.2.2

Simulations

We perform numerical simulations of Eq. (12.12) with the potential defined in
Eq. (12.17) to characterize the properties of R. Such study is required because,
even though R depends only on the initial and final positions of the trajectory,
the final position is a function of the noise and hence the probability distribution
function of R, p(R), has to be obtained. Then its properties can be analyzed and
the fluctuation theorem tested.
Integral fluctuation theorem. From the definition of R one can show that
he−R i =

X

p[x(t)|x0 ]p0 (x0 )e−R =

x(t),x0

=

X

p̃[x̃(t)|x̃0 ]p1 (x̃0 ) = 1.

(12.21)

x̃(t),x̃0

This is a general result, independent of the specific form of the potential and
external driving exerted on the particle. Using the collection of values of x0 and
xt from the simulations and inserting them in expression (12.19), we can perform
the average he−R i, which can be written down as the sum
he−R i =

N
1 X −Ri
e
,
N
i=1

(12.22)
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Figure 12.2: Average of e−R as the number of trajectories N in the statistics is
increased. The parameters are f = 1 and t = 1. Convergence is reached quickly.
Sudden leaps are observed as shown in the inset, which is a zoom of the main figure.
Such jumps correspond to the occurrence of rare realizations (R < 0), which are
crucial contributions to the average.

where N is the number of particle trajectories that are used to perform the average.
It can also be interpreted as the number of repetitions of the experiment with the
same protocol. We display in Fig. 12.2 the average of e−R as a function of the
number of trajectories, when the time interval is t = 1 and the external driving
is f = 1. Around this zone of the space of parameters is where the relation is
not trivial at the same time that it is numerically testable. One can see that
the average value predicted by Eq. (12.21) is rapidly attained. The same must
hold for any values of v0 , f and t, as it has been verified for some of them (data
not shown). Although a noisy but progressive approach to unity is found as N
increases, jumps are observed, as depicted in the zoom of Fig. 12.2. They are rare
events that contribute significantly to the average because R < 0, and hence can
be regarded as transient violations of the second law. We will come back to this
point in Fig. 12.9 when the evolution of R in time for one single trajectory will be
discussed.
Probability distribution function of R. In order to gain more insight into
the properties of R and the implications behind the fluctuation theorem, we analyze
the probability distribution of the total entropy production, p(R), as obtained from
numerical simulations over many independent trajectories. Such a quantity can be
measured experimentally, and a specific realization of a driven two level system
with time-dependent rates has been already achieved [85].
Fig. 12.3 exhibits the probability distribution function p(R) at different times,
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Figure 12.3: Probability distribution functions of R at different times t for an
external driving f = 1.

for an external driving f = 1. The distribution function is peaked and would reduce
to a delta function at R = 0 at all times for an equilibrium system. Due to the
increase of the mean of R as a function of time, p(R) is shifted towards positive
values of R and spreads as time increases. The broadening of the distribution can be
attributed to the interaction of the particle with the underlying periodic potential
together with thermal fluctuations. It is interesting to note that p(R) develops
a richer structure as time increases. In particular the number of peaks increases
because there is a higher chance to explore the periodic potential. Increasing f
would lead to a corresponding decrease in this structure in p(R). For short time
intervals, there is a contribution to the distribution that comes from negative values
of R, in agreement with the jumps described in Fig. 12.2. As time increases the
contributions to the negative tail decrease, being harder to observe. Precisely, the
relation between negative and positive tails is very relevant, as we will discuss in
short.
Decomposition of R. Let’s recall that R can be expressed as a sum of two
contributions, as written down in Eq. (12.8). The first term involves a ratio of
conditional probabilities and is inextricably related to the heat Q interchanged
with the heat bath [11], because
Q/T = ∆sm =

Z

x(t)
x(0)

[ẋ − ξ(t′ )]dx/T

(12.23)

reduces to Eq. (12.13) when Eq. (12.12) is used. In turn, Q can be decomposed
in two significant contributions; a first term proportional to the mechanical work
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Figure 12.4: Probability distribution functions (at t = 5 and f = 1) of the several
contributions to the total entropy change R: A) Total entropy production R (solid
line), dissipated heat Q (dashed) and work W (dotted). B) Internal energy V
(dashed) and particle entropy change ∆s (solid). Such quantities satisfy R = Q +
∆s and Q = W + V.
produced by the external force, W ≡ F ∆x/T (note that this is not the typical
definition we introduced from Sekimoto’s scheme for the thermodynamical work),

and a second one, V ≡ −∆V /T , which corresponds to the change in the internal

energy of the system due to the periodic potential. The remaining contribution
to R, the second term on the r.h.s. of Eq. (12.8), is the entropy change of the

particle ∆s along the stochastic trajectory. On physical grounds, it is fruitful to
write R = Q+ ∆s = W + V + ∆s so that three different physical sources contribute

to the change in the overall entropy of the system. The total entropy change R
has contributions from the medium and from the system itself, namely, the total

heat dissipated Q (which comes both from the external forcing and the change of
internal energy) and the entropy change associated to the change in the system’s
internal state, ∆s.
As presented in Fig. 12.4, for the simple model under scrutiny it is possible
to study each probability distribution function of the different contributions separately. Obviously, although R = Q + ∆s, p(R) 6= p(Q) + p(∆s). One can see that

the structure of the probability distribution function p(W), whose contribution is
directly the external force, has no internal structure and is simply characterized by
a broad, slightly tilted, peak which moves to higher values of W as time increases.

p(Q) retains the structure of the peaks, which we attribute to the effect of the
periodic potential. In Fig. 12.4.B, p(V) is shown. It has a bound support and its
shape does not change as time increases. Since the term associated to the external
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Figure 12.5: p(R) for f = 1 at t = 10. The dotted area shows the part of the
probability distribution function used in the inset. The second peak is not included
in the range of the inset because the statistics of the corresponding negative values
is very poor. The detailed relation ln p(R)/p(−R) = R is checked satisfactorily.

force takes increasing values, it is clear that the contributions from the periodic
potential to the entropy change will have a restricted effect on the overall p(R).
Nevertheless, the potential is the responsible for the peaked structure in p(R). The
contribution of ∆s is qualitatively analogous to that of V.
Detailed fluctuation theorem. A stronger fluctuation relation has also been
shown to hold for the probability distribution function of R itself [78],
ln

p(R)
= R.
p(−R)

(12.24)

It constrains directly the properties of the probability distribution function of R.
This stringent relation is closely related to the studies performed in Refs. [71, 70,
74], where similar fluctuation relations are derived for entropy, work and heat in
different contexts. The previous relation follows [115] from the fact that for an
arbitrary function g(R),
hg(R)e−R i =
=

X

x̃(t),x̃0

X

p[x(t)|x0 ]p0 (x0 ) g(R)e−R =

x(t),x0

p̃[x̃(t)|x̃0 ]p1 (x̃0 ) g(−R[x̃(t)]) = hg(−R)i,

(12.25)

where the symmetric property of R, namely R[x(t)] = −R[x̃(t)], is used and nec-

essary to prove the above equation. This important condition must be verified in

every case. Here it is satisfied because R reverses sign when interchanging x0 and
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Figure 12.6: Test of the relation (12.26) for the zeroth, first, second and third
moments of p(R) at t = 1 and f = 1 as a function of the number of trajectories.

xt . Then, for the particular case g(R) ≡ δ(R[x(t)] − R), one recovers Eq. (12.24).

In the inset of Fig. 12.5 we check the detailed fluctuation theorem by relating

the negative and positive contributions to the probability distribution of R, leading
to an excellent agreement with the theoretical prediction. As we will show in detail,
hRi increases linearly with time. Therefore, the probability distribution function of
R moves towards positive values as time goes by. Then, concerning the verification

of the detailed fluctuation theorem, the longer the time of observation, the poorer
the statistics at the negative tails, thus limiting the possibility of a meaningful
tests. Experimental tests have been performed in Ref. [86] to verify the detailed
fluctuation relation.
One can further take profit of Eq. (12.25) by considering g(R) = Rk . A set of
relations involving average moments of powers of the total entropy change of the
system are found,
hRk e−R i = (−1)k hRk i.

(12.26)

In Fig. 12.6 we display the lower order moments (k = 0, 1, 2, 3) as a function of the
number of independent trajectories, N . Theoretical predictions are recovered. The
dependence on N shows again the statistical nature of the fluctuation theorem.
Note that the behavior is analogous to the one in Fig. 12.2.
Initial conditions. Seifert’s integral fluctuation theorem is valid for arbitrary
initial conditions. However, Eq. (12.19) holds for R only in the steady state. Therefore, when sampling from other different initial conditions, the relations verified
so far will not be reproduced anymore. Fig. 12.7, displays the histograms at t = 1
corresponding to the dynamics of the system when three different ensembles of ini-
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Figure 12.7: Probability distribution function p(R) for f = 1 at t = 1 obtained
from different ensemble initial conditions: circles correspond to steady state initial
distribution of positions, triangles to a delta function at position zero and squares
are obtained from a Gaussian distribution of positions. The inset shows that only
the probability distribution function of R obtained from the steady state ensemble
of initial conditions fulfills the detailed version of the theorem, Eq. (12.24).

tial conditions for the position are considered: steady state, Gaussian distributed
and a delta function at zero position. The inset shows the ratio ln p(R)/p(−R) as
a function of R for all three initial distributions. One can clearly see that only
for the steady state initial ensemble the detailed fluctuation theorem holds. It is
worthy to stress this point to prevent confusions and errors when applying the
predictions provided by the theorem in real experiments, in which one should have
careful control on the preparation of the initial state of the system. It would be
interesting, although more tedious, to test the predictions derived from the fluctuation theorem away from the steady state, in which no simple expression such
as Eq. (12.19) is available.
Mean dissipated work and hRi. For dissipative systems in a steady state,

R is closely related to the so called housekeeping heat Qhk . This is the heat that is
permanently dissipated while maintaining a nonequilibrium state at fixed external
parameters. It has been shown [79] that R = Qhk /T , at the same time that
hQhk i = tJ

2

Z

L

dx
0

1
.
p(x)

(12.27)

The steady flux J is related to the probability p(x) according to Eq. (12.6), which
makes it possible to express the housekeeping heat in terms of the external driving
and the particle flux as hQhk i = tF JL. Since JL = hẋi, the mean heat produced
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can be rewritten in the suggestive form
hQhk i = F hẋit,

(12.28)

which implies that the mean total entropy change can be simply expressed as
hRi = F h∆xi/T.

(12.29)

Similarly to calculations done in the first part of the thesis regarding the average
speed of Brownian motors, we can derive an explicit expression for the mean
velocity of the Brownian particle
hẋi = R L
0

LT (1 − e−2πf )
,
R x+L
dxe−U (x)/T x
dyeU (y)/T

(12.30)

where U (x) ≡ V (x) − F x. Again, for the potential V (x) given by Eq. (12.17) with

v0 = 1, one gets, after some integrations,
hẋi =

2πT f 3 + f
√ .
L f 2 + 2/ 3

(12.31)

Note that the mean velocity could be recast in terms of an effective mobility µeff ,
which would depend on the applied force, so that hẋi = F µeff , For small forces,
√
µeff = 3/2 which would correspond to the free diffusion of a Brownian particle
in the periodic potential, and for asymptotically large forces, µeff reduces to the
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Figure 12.9: Total entropy change along one single trajectory Ri as a function of
time for f = 1. Note that, for short times, ”transient violations of the second
law” are observable since the total R is negative. In the inset the behavior of R
at larger times is plotted, where fluctuations are less dominant. Averaging over a
large number of independent trajectories would lead to the linear increase of hRi
predicted by Eq. (12.32).

bare mobility, µeff = 1, in scaled units.
Finally, coming back to the mean entropy production, the following analytical
expression is then encountered,
hRi = tωf 2

f2 + 1
√ ,
f 2 + 2/ 3

(12.32)

where ω = T (2π/L)2 . In Fig. 12.8 we compare the theoretical prediction for hRi

with numerical results, exploring the force f and the time t. Theory and simulations
are in excellent agreement. The linear dependence in time of the mean value of R
yields to a constant mean entropy production rate.

Transient-violation trajectories. Although hRi increases linearly in time,

for a single trajectory R will fluctuate. As a result, for short times and for typical
energies of the system comparable to the thermal energy, negative values of R will
be observable, corresponding to the so-called ”transient violations of the second
law”. These violations contribute significantly to the averages at the same time
that determine the tails of the distributions, which are crucial when examining the
detailed fluctuation relation. In fact, negative values of R are directly related to
Figs. (12.2), (12.3) and (12.5), and their corresponding subsections.
In Fig. 12.9 we plot the time evolution of the entropy production R of a single trajectory. One can see that at short times R is likely to become negative,
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indicating that up to that point the total entropy production associated to that
stochastic trajectory is negative. The inset shows that at long times R is positive
and increases. Upon averaging over a number of independent trajectories, the linear
increase predicted in the previous section is recovered. Hence, the study of single
trajectories highlights the stochastic nature of fluctuation theorems and the need
to distinguish between mean response of the system and the properties of individual trajectories. As the period of observation increases, it becomes rapidly unlikely
that negative values of R are observed. This, together with the energy scale, sets
the regime where examining ”transient violations” becomes impractical.
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Chapter 13

Summary of results and
perspectives
13.1

Brownian motors

Feynman’s ratchet and pawl machine was the starting point and, at the same time,
the guiding path throughout the first part of the thesis. His genial inquiry on the
survival of the second law of thermodynamics when small fluctuating systems are
considered became also our principal interest along. Based on Feynman’s idea, we
introduced and explained the essence of the so called ratchet effect as nothing
more than a breaking of spatial and temporal symmetries, which leads to nonzero
mean velocities in the system of interest. Thus, motors can be build based on such
principle and, when fluctuations of the environment are relevant, Brownian motors
come into sight as nice and worth-studying devices.
Our original works started with a similar version or a way of translating Feynman’s gadget into an autonomous mathematical model for a two-temperature
Brownian motor. Therefore, we considered an engine driven by temperature differences. In particular, we presented an evolved version of the Feynman’s ratchet
and pawl which we called ”Ratchet, pawl and spring Brownian motor” [14]. The
main new ingredient there was that the ratchet and the pawl were connected explicitly through the simplest possible interaction; a harmonic potential. In this
way, and taking into account the criticism launched by Parrondo and Español on
the conductivity of Feynman’s motor, we intentionally separated and described the
mechanical part that transfers the collisions of the particles. By means of plausible
approximations, we were able to find an analytical solution of the mean velocity
of this first model, whose explorations on the main parameters (such as the external torque or the temperature ratio) were discussed and compared with numerical
simulations of the Langevin equation.
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A more complicated device, the ”Symmetric Brownian motor” [16], was designed in a second place with the initial goal of obtaining higher mean velocities.
It had the same ingredients than the previous device but we considered an extra
ratchet potential in the other thermal reservoir. The exploration of the parameters
lead us to a surprise; the angle shift which with both ratchets were coupled controlled (increased and even reversed!) the velocity of the motor. Such phenomena,
under the name of current reversal, was already known in the field of Brownian
motors. Using the previous mathematical framework, we derived again the mean
velocity of the engine and checked/predicted the current inversion. Based on a
mapping of the model to a spatial-dependent temperature Langevin equation, we
could finally provide an intuitive explanation of the effect of the phase shift on the
speed.
It was fine to know that our models presented non-zero average velocities and
that then they could pull a load (a torque) taking profit of the ratchet effect and
enhanced by thermal fluctuations. However, our third task in the program was
to characterize how efficiently those nonequilibrium operations were performed.
Therefore, we had to move from forces to energies. For that, we revisited Sekimoto’s kinetic characterization of heat bath and energetics of thermal ratchet
models. Although the idea and the framework seems simple, it is not trivial at all
how to consistently define energetics for small systems, this is, how to deal with
thermodynamics of small systems. We explained the main idea of how to measure work and heat. Afterwards, we defined the efficiency of the thermal motor
as the ratio of the energy stored in the torque divided by the input released as
heat from the hot reservoir. Coming back to the optimal regime of performance
of the Symmetric Brownian motor, we determined its efficiency from numerical
simulations as a function of the external torque loaded. Our findings showed that
the curve had a maximum as a function of the torque. The efficiency obviously
vanished when the torque was zero and, interestingly, it was zero again at the stall
torque (value of the torque at which the motor stops). Therefore, the efficiency
was far below the Carnot bound. From the above analysis, we concluded that such
two-temperature models have a very poor performance. The mechanical coupling
mechanism between both baths at different temperatures acts as a very good heat
conductor even in situations of very small mean velocities. Therefore, the efficiency
is only a small fraction of that of Carnot. This is in fact a general feature of heat
Brownian motors due to the fact that in order to rectify thermal fluctuations these
systems must be put in contact and a lot of heat is interchanged and dissipated.
Failing to fulfill our expectations on achieving Carnot efficiency with the so
far studied thermal Brownian motors, we really concentrated on whether one can
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really think of a system that, when driven quasistatically, manages the energy
fluxes optimally. Is Carnot efficiency really (at least in theory) possible? What
are the necessary conditions to pursue in order to create a system able to convert
heat to work at the bounds dictated by the laws thermodynamics? By raising a
thermal Brownian model invented by Sakaguchi, we found a theoretical device
that exhibited the efficiency of Carnot. Going further, we gave a fundamental
explanation for the fact that the device can achieve optimal energetic performances
[22]. This was technically possible because of two factors. First, the model had
a relatively simple analytic solution for the mean velocity. Secondly, the heats
involved were linear with such velocity (in fact, this is of crucial relevance in order
to prevent energy wasting in the stalling regime). Just from these two calculations,
one could directly see that the efficiency leads to the Carnot bound when the
velocity is set to zero. More than that, we wanted to show with general arguments
what arranged such model to reach that efficiency. From the theory of irreversible
thermodynamics we found a pleasant way to understand the key players of the
process: the velocity and the heat. In such a theoretical framework, one considers
irreversible fluxes that are created by irreversible forces. Every force induces its
corresponding flux but is also coupled to the other flux. In the linear regime, such
couplings are introduced through the famous Onsager coefficients, which are just
proportionality constants that contain all the intrinsic details of the system of
interest. Then, we reckoned the velocity and the heat as the fluxes, which were
created by the external mechanical force loaded and the temperature difference
between the two thermal baths. These two (the force and the temperature gradient)
were precisely the thermodynamic forces. Since we had the analytic expression
of the fluxes, we expanded them around equilibrium (small forces and similar
temperatures). From those calculations we obtained the Onsager coefficients of the
model. Then, we saw that the determinant of the coefficient matrix is identically
to zero (equivalent to the tight coupling condition), which has a clear physical
meaning: when driving the system to the stall force (without the need to set the
force to zero), the entropy production is zero. Therefore, the device will have to
operate at the bound established by the second law, implying Carnot efficiency.
Finally, we wrote down the performance of the motor as a function of the Onsager
coefficients and showed that the tight coupling condition is the responsible for
yielding the expression 1 − Tc /Th . In the end, we made some brief comments

on the Curzon-Ahlborn bound for endorreversible thermal machines at maximum
power and on the mode of operation of such machines as Brownian refrigerators,
which is a direct consequence of the fact that they can operate as motors.
The tight coupling condition seems to directly tell which motor will achieve
Carnot efficiency. However, some criticisms could be raised against the analysis on
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Sakaguchi’s model. As in the previous two-temperature Brownian motors, we were
working in the overdamped limit, which basically means that inertial terms are
negligible versus frictional ones in the equation of motion. However, it may be the
case that the effect of inertia is relevant when analyzing the energetics. Specifically,
the main problem is that, when considering temperature Brownian motors, there
will be zones in which the temperature changes. Then, particles with mass carry
a momentum that will change as the surrounding temperature of the substrate
changes. Consequently, dissipation will take place no matter what we do. Said
in other words, regardless of how the coupling mechanism is settled, when the
particle has to cross to the region at the new temperature, it will produce entropy.
Therefore, the next natural step to continue our journey was to wonder how to
build a small motor in the underdamped limit and capable of reaching Carnot
efficiency. By studying a simple mechanical model of a microscopic particle in a
one dimensional piston (whose length is controlled) we showed in detail the main
features of Carnot cyclic engine: the fundamental properties of the isothermal
and adiabatic transitions. Then such system was proved to yield Carnot efficiency
even when inertia is present, exemplifying that it is possible. The system can
look too simple, but important concepts like reversibility, quasistaticity, adiabatic
invariants, etc. were discussed.
Having studied such many features of the Carnot limit, we came back to fact
that it can only be reached in the infinite time limit. Thus, discussing the finite time
thermodynamics of Brownian motors is also an important issue not to bypass. We
already commented on the Curzon-Ahlborn bound in the linear regime. In order
to be more explicit about the construction of a feasible system in which CurzonAhlborn efficiency could be reached, we considered an underdamped Brownian
particle in a stiffening trap. Similarly to the one-dimensional piston system, the
idea is to control the stiffness of the trap and perform expansions and compressions,
inserted in between adiabatic transitions in order to change the temperature. This
would lead to a cyclic device. The set up and calculations of such transitions
were not carried out. Instead, we focused on the optimal protocol which leads the
least dissipation in an isothermal step, in a finite time duration experiment. The
plan would be to optimize the external driving first and then to concentrate on
optimizing the whole cycle in order to get the best possible efficiencies in finite
time.
The optimization problem is, by itself, of particular interest. Considering the
moving and the stiffening trap case we found that jumps (and delta peaks) at the
beginning and at the end of the protocol are needed in order reduce at maximum
the input energy [44]. At first, this seemed to be unphysical since neither jumps
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nor delta peaks can be implemented in real experiments. Still our theoretical result
is an important insight because it implies that there exists no optimal continuous
protocol. Every such protocol could be improved by even steeper gradients mimicking the jumps and delta peaks at the beginning and end. Thus, it should be
possible to exploit our results also for real experiments. While we showed that the
singularities in the optimal protocol appear for harmonic potential, there is no
reason to believe that this feature generically vanishes for anharmonic potentials.
In fact, in the overdamped limit, a recent study has shown that initial and final
jumps are also present in a simple anharmonic potential.

13.2

Brownian pumps

The second part of the thesis was not so much devoted to energetic issues but,
mostly, to the use of the ratchet effect for other purposes different than pulling
loads. We were concerned with pumping particles across concentration differences.
Our main emphasis was to remark that Brownian pumps, unlike typical Brownian
motors, do not aim to create a net flux of particles in periodic boundary conditions
but, instead, to achieve and actively keep a density gradient between two reservoirs.
Therefore, one can still consider the ratchet effect but the appropriate boundary
conditions must be imposed and should not be periodic anymore. This seems
simple but, albeit the Fokker-Planck equation is nearly the same than for Brownian
motors, the boundary conditions make a big difference in the solutions. To begin
with, the important quantity to characterize and explore was not only the flux
anymore, but the density profile created along the pumping zone (the membrane)
and, particularly, the concentration ratio at both sides of the membrane.
As a first approach to theoretically study such devices from this new perspective, we have considered a simple but physically relevant model. As a substitute
to the temperature difference (which was the responsible for breaking detailed
balance) in the two-temperature motors studied in the first part of the thesis, we
considered another way of powering the ratchet effect; through a flashing potential.
This is a time modulation that multiplies the potential shape and changes it in
time. In particular, in the first Brownian pump, white-noise Gaussian fluctuations
coupled to a potential [51]. Such noise had nothing to do with the thermal noise
term which is still included accounting for the collisions of the surrounding fluid
particles. A throughout characterization and exploration of such model was carried
out with analytical exact results. As an extra contribution to the theme, we presented a simple and faithful simulation framework for obtaining the concentration
and the flux predicted theoretically. Instead of numerically solving the differential equation for the density, we simulated a Langevin dynamics of independent
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particles. Albeit the algorithm itself was standard, the suitable implementation of
boundary conditions naturally lead, in every case (J = 0 and J 6= 0), to a direct

identification of the histogram of the positions of the particles with the density

profile. This did not require to insert and remove particles as they crossed the interface that separated the membrane from the particle reservoirs. For a saw-tooth
potential, we then checked that simulations agree perfectly with all the theoretical
results calculated. The numerical scheme presented could be of utility in those
cases in which analytical predictions are not possible.
The previous model had another attribute that made it more interesting, at
least from a technical perspective. Mathematically, the flashing potential constitutes a multiplicative noise, this is, a spatial dependent function multiplied by a
stochastic term. If inertia is present, the equation that governs that probability
distribution of positions and velocities of the particles (which is then called the
Kramers equation) had no further problems at all. However, when considering
the overdamped limit, the Fokker-Planck equation has the commonly designated
interpretation problem. One needs to specify whether that multiplicative term follows the Ito or the Stratonovich discretization criteria. Since each choice leads to
a different physical solution, one must address this question before going on with
the mathematical solution and the results explorations. From advanced theory on
stochastic processes, we knew that the limiting procedure from which one reduces
the underdamped to the overdamped Langevin equation is sensible to whether
the noise in the multiplicative term was already white (delta correlated in time)
or was an Ornstein-Uhlenbeck process (exponentially correlated in time) whose
correlation in time was set to zero after neglecting inertia. Since our case (as we
introduced the model) was the former, the correct interpretation was the one by
Ito. When deciphering such technical issue, we could proceed with standard calculations. We also noted that having taken Stratonovich interpretation would have
implied a factor 2 in the power that controlled the ratio of concentrations. Moreover, one could explicitly check with the suitable numerical algorithms that both
interpretations lead to very different results in general.
Next to the white-noise Brownian pump model, we decided to move towards
a more realistic set up. We built a more refined an realistic model for a pump,
which was now powered by dichotomous fluctuations, also known as the random
telegraph process [58]. This is, the ratchet potential can flip between being flat and
being lifted and the probability of switching from one configuration to another
is distributed according to such stochastic process. Again, we solved the model
analytically. We did that by considering a saw-tooth linear potential and then
splitting the equation for the density flux in each zone, so that its became linear.
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Therefore, the mathematical complication was reduced to solving a large system
of linear equations for the coefficients that accompanied the exponential shapes
of the solutions. For that we had to characterize and determine with care all the
boundary conditions necessary to find all such unknown constants (which were
seven in total). Formally, the problem was solved with numerical data obtain using
Mathematica’s software. Then a typical exploration of the main parameters of the
system was fulfilled.
With reference to the probability rates of switching the potential’s state, we
wanted to give them a biophysical interpretation further than being just two parameters that controlled the noise term. The physical important point was to relate
the flashing mechanism with what would be the intrinsic mode of operation of a
real molecular pump. It is known that the hydrolysis of ATP molecules brings
the energy necessary to perform such tasks. Therefore, we conceived our physical
model as waiting for the ATP molecule to diffuse close enough to be captured by
the active pocket of the machine. We identified the typical time associated with
this process with the inverse of the rate of flashing down the potential. The mathematical behavior modeled via a Michaelis-Menten law. Secondly, we interpreted
that, once the flashing as started, that machine takes approximately a fixed typical time to function internally. This leads a constant rate for the up transition
of the potential. Behind measuring and exploring how many particles the device
could pump, as a matter of course, we came back to the energetic considerations.
The efficiency of pumps was not easy to investigate since one should analyze how
much energy the fluctuating potential was inserting into the pump and what was
the energetic profit taken out from such input. We calculated the input power and
compared with the biological relevant source of energy, the ATP hydrolysis, which
sets a bound of 20kB T per cycle. Finally, adjusting the optimal parameter space
where the pump functioned with an optimal performance and, having into account
the energetic constraints and the biophysical typical values of the parameters, the
model was tuned into dimensional units, which were consistent with the ones of a
real molecular pump.

13.3

Fluctuation theorems

Along the study of the transport and energetics of Brownian motors and Brownian
pumps in the first and second parts of the thesis, only average quantities were
discussed. We devoted the third and last part of the thesis to the information
hidden in the fluctuation themselves. Said in other words, the behavior of all such
Brownian devices depended of course on the thermal noise but, so far, we had
been considering only the first cumulant of the probability distribution of a given
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fluctuating (and thus distributed) observable. In this third part we focused on
the so called fluctuation theorems, which tell us many interesting things on the
fluctuations of energetic quantities of small systems out of equilibrium.
After presenting a brief overview of the development of the field and naming
the most famous references, we chose to present the essence of the fluctuation
relations: a mathematical simple relation and a more intriguing physical meaning
for the quantities that are candidates to fulfill such relation. Enough for proving
the former was to introduce the concept of involution, which is any transformation
that applied twice to a generic stochastic trajectory (or any set of data distributed
in any fashion) lets it unchanged. Then, depending on the type of involution and
on the type of boundary terms selected, one could obtain a fluctuation relation
for the work exerted externally on the system, another one for the heat dissipated
in the steady state, a different one for the total entropy production and, even, a
fluctuation theorem for a quantity that may not have any general physical meaning.
We illustrated this with a weird example that showed that apart from the timereversal transformation one could, in principle, pick the specular image mapping
and a new fluctuation relation would appear. Then, it was clear that the success
of these results is based on the fact that they constrain the distributions of crucial
and generic quantities like work, heat and entropy. Note that this is again very
related to Feynman’s ratchet and pawl since fluctuations and energetics play the
key role.
The following chapters of this third part were successively entitled work fluctuations, heat fluctuations and entropy fluctuations. In the first one, we revisited
the celebrated Jarzynski equality, whose Hamiltonian short proof was reproduced
and discussed. We also devoted some lines to talk about the different plausible
definitions of work and their usefulness when plugged in exponential averages.
Also some issues related to the thermal bath were addressed at that point. Moreover, the Bochkov-Kuzolev (which was actually the first fluctuation relation) was
proved in the same spirit that the Jarzynski equality. Then, moving to stochastic
descriptions, by a combination with the Crook’s theorem, we identified the path
variables that are sufficient to fully identify irreversibility. By noticing that mean
value of the logarithm of the ratio of probabilities is a relative entropy, we showed
that work saturates the complete information on dissipation contained in the microscopic degrees of freedom [94] (written as path variables in its general form).
Besides, a connection between Hamiltonian and stochastic descriptions was made.
This makes the study of fluctuation relations using Langevin equations safer.
Next, we tested the applicability of a less famous relation: the fluctuation theorem for heat exchange. Differently from the typical studies on work fluctuations

181

13.3. FLUCTUATION THEOREMS

from the point of view of the Jarzynski relations, we analyzed, heat fluctuations.
We considered a linear transducer operating between two heat baths, that simply
transferred heat from one to the other via an interaction term. The goal of that
chapter was precisely to check the sensitivity of the hypothesis of small interaction
term. We basically found that the theorem must be taken with care regarding
the energy stored in the interaction term, even if it is very small [108]. Fluctuations could still be large enough to spoil the fluctuation relation. Moreover, the
initial ensemble and the duration of the observation lead to tricky considerations.
From a practical perspective, any attempt to write a model that consists on two
bodies interchanging heat needs a connection term. Therefore, the observations
mentioned regarding the applicability of the fluctuation relation for heat exchange
should be encountered. Hence, one could neglect the energy stored in the connecting mechanism but its effect had relevant consequences. With respect to the
conditions of our approach, we stressed that it would be possible to obtain analytical expressions for the statistical moments of the heat in the transient regime,
after putting both systems initially in contact. This would be very interesting and
could be the subject of future research. Transient corrections of order e−kt were
discarded in the limit of high kt. This was, indeed, of great advantage because
it made it possible to derive analytically the most dominant contributions of the
first and second moments. What is more, in such limit, although the distribution
is not rigorously Gaussian because the heat is a nonlinear functional of a Gaussian
Ornstein-Uhlenbeck process, our main results were dominated by the Gaussian–
like property of the distribution, at least as far as we could measure from numerical
simulations. These investigations were one of the first applications and tests of the
theorem to a non-ideal system. In order to understand in more detail the role of
the heat, work and coupling energy, it would be very interesting to address these
questions from a more general theoretical point of view. Then we could really see
what happens with the transient regime compared to the steady state contribution and decipher its effect in the tails of the distributions of heat. Also other
types of proofs based on stochastic dynamics could be intended in order to find
out the corrections coming from the interaction terms. The applicability of such
results in specific theoretical models and in experiments is of great importance for
discovering and understanding nonequilibrium statistical mechanics principles.
The last resources of time, space and energy of the thesis were for entropy
fluctuations. The very suspicious and sharp reader may note that to speak about
entropy fluctuations implies that entropy is somehow defined at the level of a
stochastic trajectory. This was indeed suggested and defined by Seifert, showing
then that such total entropy production (the sum of the one to the environment
as heat plus the particles intrinsic entropy) also followed a fluctuation relation.
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We considered a simple system in a nonequilibrium steady state and studied in
detail many of the predictions and consequences derived from such result [113].
In particular, by choosing an appropriate periodic potential, we wrote an explicit
analytical and physically meaningful expression for the total entropy production
along a stochastic trajectory. Advantage was taken from the fact that only initial
and final positions for each trajectory are relevant, being a potential useful feature in future experiments. Numerical simulations of the dynamics of the Langevin
equation were necessary to build the probability distribution functions of entropy,
elucidating their relevance and properties. This work lead to a more profound understanding of the specific meaning and practical appliance of such abstract general results. At the same time, it opened the door to study new and more complex
cases such as interacting particles or the effect of temperature dependent substrates. Furthermore, it would be very interesting to analyze fluctuations observed
in biological systems such as molecular motors under the perspective of fluctuation relations. Studies based on simple physical models are crucial to illustrate the
key ingredients and foresee the consequences of these theoretical results on real
experiments. They bridge the fundamental advances in statistical mechanics with
the active area of nano scale experiments on biological systems.

Part V

Summary (in Spanish)
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Chapter 14

Resumen de la tesis
De acuerdo con la legislación vigente, en las tesis redactadas en un idioma diferente
a alguna de las lenguas oficiales de la Universitat de Barcelona se deberá incluir
un resumen escrito en alguna de dichas lenguas oficiales.

14.1

Introducción

La tesis se titula ”Brownian devices out of equilibrium: transport, energetics
and fluctuations”, que traducido significa ”Dispositivos Brownianos fuera de
equilibrio: transporte, energética y fluctuaciones”. Vayamos por partes. Cuando
hablo de dispositivos, me refiero a modelos teóricos muy sencillos que describen
matemáticamente la evolución en el tiempo de lo que los fı́sicos llamamos ”grados de libertad”. Éstos pretenden representar los elementos más básicos de sistemas complejos y/o complicados tales como una máquina artificial pequeña o una
proteı́na con funciones a nivel molecular. Por ejemplo, al estudiar las propiedades
de conversión de energı́a de un motor térmico, se reducirá dicho dispositivo a unas
pocas piezas que se mueven de acuerdo con unas reglas muy sencillas.
El adjetivo Browniano tiene origen en el botánico Robert Brown, quien en
1827 observó con su microscopio granos de polen sobre una superficie de agua. El
movimiento de dichos granos era errático. A partir de ahı́, se llamo movimiento
Browniano a la aleatoriedad que se observaba en ciertos niveles de descripción.
Dichos niveles son microscópicos, incluso más pequeños que una milésima parte
de milı́metro. Fuera de equilibrio significa, por definición, que dichos sistemas no
están en equilibrio termodinámico. Grosso modo, esto quiere decir que no son
estáticos, que algo está pasando y cambiando en ellos. Fı́sicamente se dice que la
condición de balance detallado se ha roto. Para poner un ejemplo sencillo dirı́amos
que en equilibrio está una piedra sobre una mesa y fuera de equilibrio un coche
circulando. La diferencia está en que en el coche algo irreversible está pasando: se
está quemando gasolina para transformar la energı́a almecenada en los enlaces de
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las moléculas, esto es, energı́a quı́mica, en una explosión que se rectificará a través
de un pistón para obtener trabajo mecánico, en definitiva, movimiento. En biologı́a,
por otro lado, dirı́amos que un individuo está muerto cuando sus células están en
equilibrio mientras que, para estar vivos, necesitamos ese ”caos sistemático” que
transforma la energı́a en orden e información para mantener nuestros procesos
vitales. Resulta que los fenómenos de equilibrio son interesantes. Pues lo que pasa
fuera de equilibrio es todavı́a más fascinante. Más todavı́a cuando no hay una
teorı́a que lo explique. Simplemente hay algunos resultados teóricos pero no un
marco general que lo explique todo.
La palabra transporte indica que uno de los fenómenos que vamos a estudiar están relacionados con velocidades no nulas, movimiento, fuerzas, etc. Los
sistemas que consideraremos tendrán propiedades dinámicas que caraterizaremos
estudiando su dependencia en función los parámetros más importantes. Otro concepto clave en la presente tesis son las energı́as. Es decir, no es suficiente saber qué
fuerza puede realizar el motor sino también cuánta energı́a gasta en hacerlo. Como
nos dedicaremos al estudio de sistemas pequeños, no podemos pretender que los
conceptos macroscópicos sirvan para describirlos. De hecho, la fı́sica a tales escalas
no se obtiene como mera disminución de las leyes para sistemas grandes. El cómo
definir, interpretar y medir cantidades como trabajo o calor para trayectorias estocásticas será pues un tema relevante y digno de estudio en sı́ mismo. Las energı́as
y los motores nos llevan al concepto de eficiencia, es decir, cuán bien se utiliza o
aprovecha el flujo de energı́a entrante para realizar una tarea. Veremos como hay
cotas a tal eficacia en la conversión energética. Finalmente, el hecho de que dichos
sistemas sean Brownianos hace que las fluctuaciones sean muy importantes. No
sólo eso. Las fluctuaciones contienen mucha información que podemos explotar
y estudiar. No debemos verlas como un ruido incómodo cuyo efecto deseamos
suprimir. Enseguida veremos como las llamadas relaciones de fluctuación imponen restricciones muy fuertes sobre cómo deben ser las fluctuaciones de cantidades
energéticas a nivel microscópico.
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Figure 14.1: Esquema del trinquete y tope de Feynman [7].

14.2

Partes

El orden y presentación de la tesis es bastante fiel al recorrido cronológico seguido
durante mi periodo como doctorando en estos cuatro últimos años. La tesis está
dividida en tres grandes bloques. Las dos primeras partes tratan sobre motores y
bombas Brownianas, respectivamente. La última, sobre restricciones generales en
distribuciones de probabilidad de trabajo, calor y entropı́a.
A continuación, voy a exponer brevemente cada uno de los puntos tratados y
de los resultados obtenidos más importantes en esta tesis. Es imposible resumir
casi doscientas páginas en tan solo unas decenas, sobretodo porque cada concepto
requiere su desarrollo, cada fórmula necesita el conocimiento profundo de sus elementos y cada gráfica precisa un contexto y un trabajo previo para ser entendida
y valorada. Ası́ pues, a cada punto le seguirá una explicación y acto seguido una
escueta presentación de algunas de las fórmulas más relevantes con las que hemos
trabajado, junto con las figuras más significativas. El lector interesado siempre
puede volver al cuerpo central de la tesis (en inglés) e indagar sobre aquellas cuestiones que le llamen más la ateción o que no queden suficientemente claras.

14.2.1

Motores Brownianos

• El trinquete y tope de Feynman y el efecto ”ratchet”.
El trinquete y tope de Feynman (ver figura 14.1) fue el punto de partida y,
al mismo tiempo, el guı́a en el camino seguido en toda la primera parte. Su
curiosidad acerca de la supervivencia de la segunda ley de la termodinámica
cuando las fluctuaciones de los sistemas que se consideran son relevantes
se ha convertido también en nuestro principal interés a lo largo de toda la
tesis. Basado en la idea de Feynman, presentamos y explicamos la esencia
del efecto trinquete (”ratchet effect”) simplemente como una ruptura de
simetrı́as espaciales y temporales, que conlleva velocidades distintas de cero
en el sistema de interés. De este modo, los motores se pueden construir sobre
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Figure 14.2: Evolución del ángulo θ1 en el tiempo s (adimensional) extraı́do directamente de simulaciones numéricas de una sola trayectoria en el caso en que no
se aplica torque sobre el motor con trinquete, tope y muelle. Los pasos discretos
en el movimiento tienen su origen en los saltos de un valle a otro del potencial
en forma de sierra dentada. Inset: Promedio estadı́stico de la posición en función
del tiempo para τ = 0.01kB T1 . El sistema presenta una velocidad media no nula.
Valores de los parárametros: V0 = 3kB T1 , k = 100kB T1 , d = 12 (número de dientes
del potencial en una vuelta) and T2 = 2T1 .

la base de este principio y, cuando las fluctuaciones del medio ambiente son
relevantes, entonces los llamamos motores Brownianos, cuyo estudio resulta
aún más interesante. La fórmula que sigue a continuación nos muestra como
la eficiencia η de una máquina que funciona gracias al intercambio de calor
Q entre dos temperaturas Tc y Th , realizando un trabajo W , está acotada
superiormente por la eficiencia de Carnot ηC :
η=

W
Tc
≤1−
= ηC .
Q
Th

(14.1)

• Motor Browniano con trinquete, tope y muelle.
Nuestros resultados originales se iniciaron con una interpretación o manera de traducir el gadget inventado por Feynman en forma de un modelo
matemático autónomo para un motor Browniano [14]. Por lo tanto, consideramos un motor impulsado por diferencias de temperatura. En particular,
presentamos una versión evolucionada del ratchet de Feynman que denominamos ”motor Browniano con trinquete, tope y muelle”. El nuevo ingrediente principal era que el trinquete y el tope se conectaban explı́citamente a
través de la interacción más simple posible; un potencial armónico. De esta
manera, y teniendo en cuenta las crı́ticas de Parrondo y Español [9] sobre
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Figure 14.3: Comparación entre simulaciones numéricas (puntos) y predicciones
teóricas (14.4) (lı́nea) de la dependencia de la velocidad media v en función del
torque τ aplicado, en el motor Browniano con trinquete, tope y muelle.

la conductividad del motor de Feynman, separamos intencionadamente la
parte mecánica que transfiere, a través de colisiones de las partı́culas, calor
de una fuente a otra. Por medio de aproximaciones plausibles fuimos capaces
de encontrar una solución analı́tica para la velocidad media de este primer
modelo, cuyas exploraciones sobre sus principales parámetros (por ejemplo,
el torque externo o el cociente de temperaturas) se discutieron y se compararon con simulaciones numéricas de la ecuación de Langevin. Las ecuaciones
de Langevin con las que modelizamos el trinquete de Feynman añadiendo un
acoplamiento lineal entre ambos subsistemas son:
dθ1
dt
dθ2
λ2
dt

λ1

= −

∂VR (θ1 )
− k(θ1 − θ2 ) − τ + ξ1 (t),
∂θ1

= k(θ1 − θ2 ) + ξ2 (t),

(14.2)
(14.3)

donde θ1 y θ2 son los grados de libertad que evolucionan en el tiempo t
en un medio con fricción λ. El potencial ”ratchet” viene dado por VR . El
término con k introduce el acoplamiento de ambos subsistemas. El torque
impuesto externamente es modelizado simplemente con τ . Las fuerzas ξi (t)
corresponden a las fluctuaciones sufridas debido a las colisiones aleatorias
del fluido en el que está sumergido el sistema. En la figura 14.2 se muestra la
evolución temporal tı́pica de θ1 para una sola partı́cula a tiempos cortos y el
promedio para muchas a tiempos largos. Después de ciertas aproximaciones
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Figure 14.4: Comparación de la velocidad v contra el ángulo de acoplamiento
φ obtenida de simulaciones numéricas del modelo simétrico (cı́rculos) y de la expresión analı́tica (14.5) (lı́nea sólida). Los parámetros escogidos son d = 4, k = 100,
V0 = 3 and T2 = 2T1 .

y tras algunos cálculos, encontramos que la velocidad media del motor es
v ≃ 2N

Z

0

L

f (x)
1+

T2
T1

+ 2(1 −

T2 f ′ (x)
T1 ) 4k

dx − τ ·

2π 2N
,
d 1 + TT2

(14.4)

1

donde f (x) = −VR′ (x). En la figura 14.3 se compara dicho resultado con

simulaciones numéricas. El acuerdo es muy bueno.
• Motor Browniano simétrico.

Un modelo más sofisticado, el ”motor Browniano simétrico”, fue diseñado en
segundo lugar con el objetivo inicial de obtener mayores velocidades medias
[16]. Tenı́a los mismos ingredientes que el dispositivo anterior, pero consideramos un trinquete extra situado en el otro baño térmico. La exploración de los
parámetros nos llevó a una sorpresa; la velocidad del motor podı́a ser controlada con el desplazamiento del ángulo con el que ambos grados de libertad se
acoplaban. Las velocidades eran mucho mayores e incluso se lograba invertir
su signo. Tal fenómeno, denominado inversión de corriente, ya era conocido
en el campo de los motores Brownianos. Utilizando el marco matemático
derivado en el modelo anterior, encontramos de nuevo la velocidad media
del motor y pudimos predecir la inversión de corriente. Basándonos en una
transformación del modelo a un esquema en el que la ecuación de Langevin
tuviera una temperatura que dependiera de la posición espacial, fue posible dar una explicación intuitiva sobre el efecto del cambio de fase en la
velocidad. Finalmente, después del cálculo teórico encontramos la siguiente
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Figure 14.5: Eficiencia η en función del torque τ para T2 = 2T1 en el régimen
óptimo para el motor Browniano simétrico. Nótese que la eficiencia está bastante
por debajo del lı́mite de Carnot, corresponderı́a en este caso a ηC = 0.5.

expressión para la velocidad media:
vφ =

2π
N (1 − eβφ ),
d

(14.5)

donde los términos que multiplican la exponencial son constantes de normalización y la función βφ controla el signo y la magnitud de la velocidad. Su
forma explı́cita viene dada por:
βφ =

Z

L

0

−F (x) − Q(x)G(x)/2k
i,
dx h
T2 G(x)
T2
1
+
(1
−
)
1
+
4
T1
T1
k

(14.6)

donde, sin entrar en detalles, las funciones F (x), Q(x) y G(x) dependen del
potencial ”ratchet”. Nótese que al considerar temperaturas iguales, T1 = T2 ,
la predicción teórica para la velocidad da igual a cero, como debe ser. La
expresión anterior para la velocidad, vφ , está evaluada en la figura 14.4,
donde se compara con resultados de simulaciones numéricas.
• Energı́as estocásticas.
Sobre la base teórica del efecto trinquete y amplificado por el efecto de
las fluctuaciones térmicas, nuestros modelos presentaban velocidades medias
distintas de cero e, incluso, podı́an tirar de una carga. Sin embargo, nuestra
segunda tarea en el programa fue caracterizar la eficiencia de esas máquinas
cuyas operaciones se realizan fuera de equilibro. Por lo tanto, a continuación
pasamos de estudiar fuerzas a tratar con energı́as. Para ello, volvimos a
examinar los textos de Sekimoto [11] sobre la caracterización cinética de un
baño térmico y la energética para modelos de trinquetes térmicos. Aunque la
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idea y el marco teórico parecen simples, no es trivial en absoluto cómo definir
consistentemente las energı́as involucradas en dispositivos Brownianos, esto
es, cómo tratar con la termodinámica de los sistemas pequeños. Ası́ pues,
primero explicamos la idea principal sobre cómo medir trabajo y calor, para
después definir la eficiencia como cociente de la energı́a almacenada gracias
al torque dividida por el input de energı́a liberada como calor desde el baño
caliente. Volviendo al régimen óptimo del motor simétrico, determinamos su
eficiencia mediante simulaciones numéricas en función de la carga externa
(del torque). Nuestros resultados (ver figura 14.5) muestran en primer lugar
que la eficiencia es cero cuando el torque es cero y, curiosamente, es cero
nuevamente en la fuerza de parada (”stall force”), esto es, en el valor de la
torsión para la que se detiene el motor. Por lo tanto, la eficiencia es muy
inferior a la establecida por Carnot, a la que se podrı́a llegar (en teorı́a)
sólo en el régimen cuasiestático, esto es, a velocidad cero. Del análisis anterior, pudimos concluir que estos modelos de dos temperaturas tienen un
rendimiento muy bajo. El mecanismo de acoplamiento mecánico entre los
dos baños a temperaturas diferentes actúa como un muy buen conductor
de calor, incluso en situaciones en las que las velocidades medias son muy
pequeñas. Por lo tanto, la eficiencia es sólo una pequeña fracción de la de
Carnot. De hecho, esta es una caracterı́stica general de los motores Brownianos de dos temperaturas debido a que, a fin de corregir las fluctuaciones
térmicas, estos sistemas deben ponerse en contacto y una gran cantidad de
calor es intercambiado irreversiblemente. De acuerdo con el esquema de Sekimoto, las expresiones utilizadas para calcular el calor Q y el trabajo W al
nivel de una trayectoria estocástica x(t) son:
Q[x(t)] = −
W [x(t)] =

Z

Z

tf

dt
t0

tf

t0

∂V (x, t)
ẋ,
∂x

∂V (x, t)
dt,
∂t

(14.7)
(14.8)

donce V (x, t) es un potencial genérico que describe el estado interno y las
interacciones del sistema.
• Acoplamiento ”firme” y eficiencia de Carnot.
Al no cumplirse nuestras expectativas de lograr la eficiencia de Carnot en los
motores Brownianos térmicos (ver figura 14.6) estudiados hasta el momento,
nos concentramos en si realmente se puede pensar en un sistema que, al ser
perturbado cuasiestáticamente, gestionara los flujos de energı́a de manera
óptima. En otras, queremos saber si la eficiencia de Carnot es realmente alcanzable Ası́ pues, investigamos cuáles son las condiciones necesarias para
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Figure 14.6: Esquema energético tı́pico de un motor térmico a dos temperaturas:
el flujo de calor Q̇ de la fuente caliente a temperatura T entra en el sistema S, que
realiza trabajo mecánico (o potencia) Ẇ al mismo tiempo que el flujo de calor Q̇0
es entregado a la reserva de calor a temperatura inferior T0 .

proseguir con el fin de crear un sistema capaz de convertir calor en trabajo operando en los lı́mites dictados por las leyes de la termodinámica [22].
Rescatando de la literatura un modelo para un motor térmico Browniano inventado por Sakaguchi [23], encontramos un dispositivo teórico que exhibı́a
la eficiencia de Carnot, aunque fuera casi por imposición. Yendo más lejos,
dimos una explicación de porqué dicho dispositivo podı́a alcanzar óptimos
rendimientos energéticos. Esto fue técnicamente posible debido a dos factores. En primer lugar, el modelo tenı́a una solución analı́tica relativamente
simple para la velocidad media. En segundo lugar, los calores implicados
eran lineales con la velocidad. Calculamos entonces de manera explı́cita que
la eficiencia era la de Carnot cuando la velocidad se fijaba en cero. Más
que eso, mostramos con argumentos de carácter más general qué es lo que
llevaba a dicho modelo a alcanzar tal cota. A partir de la termodinámica
de procesos irreversible encontramos una agradable manera de entender los
principales actores del proceso: la velocidad y el calor. En este marco teórico
se consideran flujos irreversibles creados por fuerzas. Cada fuerza induce su
correspondiente flujo, y simultáneamente dicha fuerza también está acoplada
al otro flujo. En el régimen lineal, tales acoplamientos se introducen a través
de los coeficientes de Onsager, que son constantes de proporcionalidad que
contienen, en principio, los detalles intrı́nsecos del sistema de interés. Entonces calculamos la velocidad y los flujos de calor creados por la fuerza externa y por la diferencia de temperatura, que son precisamente dichas fuerzas
termodinámicas. Al disponer de la expresión analı́tica de los flujos, pudimos
expandirlos en torno al estado equilibrio (fuerzas pequeñas y temperaturas
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similares). De dichos cálculos, por comparación, obtuvimos los coeficientes
de Onsager del modelo. Entonces, uno puede ver que el determinante de la
matriz de coeficientes es idéntico a cero. Esto es equivalente a la condición de
acoplamiento fuerte, cuyo significado fı́sico es notorio: cuando el sistema es
llevado al estado de parada, (sin la necesidad de establecer la fuerza igual a
cero ), la producción de entropı́a es nula. De hecho, esto es de vital importancia a fin de dejar de derrochar energı́a en dicho régimen. Por lo tanto, fuimos
capaces de explicar cómo el dispositivo podı́a operar en el lı́mite establecido
por la segunda ley, que implica la eficiencia de Carnot. Finalmente, desarrollamos la expresión del rendimiento del motor en función de los coeficientes de
Onsager y mostramos que la condición de acoplamiento ”fuerte” es la responsable de dar lugar a la expresión 1 − Tc /Th para la eficiencia. Por último,

hicimos algunos breves comentarios sobre la eficiencia de Curzon-Ahlborn
para máquinas térmicas endorreversible a máxima potencia. También mencionamos el modo de funcionamiento de estas máquinas como refrigeradores
Brownianos, haciendo hincapié en que es una consecuencia directa del hecho
de que pueden funcionar como motores. La condición de acoplamiento fuerte
es tan sencilla como la siguiente expresión indica:
L212 = L11 L22 ,

(14.9)

donde Lij son los coeficientes de Onsager que relacionan flujos Ji inducidos
por fuerzas Xi de la siguiente forma:
J1 = L11 X1 + L12 X2 ,

(14.10)

J2 = L21 X1 + L22 X2 .

(14.11)

• Un motor de Carnot microscópico.
La condición de acoplamiento fuerte parace decirnos directamente si un motor puede o no lograr la eficiencia de Carnot. Sin embargo, algunas crı́ticas
podrı́an ser planteadas en contra de los análisis sobre el modelo de Sakaguchi, ası́ como para los dos modelos anteriores de motores de dos temperaturas. Dichos sistemas estaban trabajando en el lı́mite sobre-amortiguado,
que básicamente indica que los términos inerciales son insignificantes frente
a los de rozamiento en la ecuación de movimiento. Teniendo en cuenta otras
cantidades, como por ejemplo las energéticas, puede darse el caso de que el
efecto de la inercia sea importante. Concretamente, el principal problema es
que, al considerar motores Brownianos impulsados por diferencias de temperatura, habrá zonas en las que los cambios de temperatura crearán los sigu-
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Figure 14.7: Sistema microscópico compuesto por una partı́cula en un pistón de
longitud L y a temperatura T . Esquema de las cuatro transiciones principales del
ciclo de Carnot: dos procesos isotermos, (a) y (c), y dos adiabáticos, (b) y (d).

ientes problemas. Las partı́culas con masa llevan un impulso (o momento)
que es modificado según el valor de la temperatura ambiente. En consecuencia, en cambios de sustrato tendrán lugar procesos disipativos. Dicho
en otras palabras, no importa la forma con la que diseñemos el mecanismo
de acoplamiento, cuando la partı́cula ha de cruzar a la región correspondiente a la nueva temperatura se producirá entropı́a, por relajación de la distribución de momento. Por lo tanto, el siguiente paso natural para continuar
nuestras investigaciones fue preguntarnos cómo construir ahora un pequeño
motor en el lı́mite infra-amortiguado que fuera capaz de alcanzar la eficiencia Carnot. A través del estudio de un modelo mecánico muy sencillo para
una partı́cula microscópica en un pistón unidimensional de longitud controlable, mostramos en detalle las principales caracterı́sticas del tı́pico motor
cı́clico de Carnot (ver el esquema mostrado en la figura 14.7) y con ellas,
las propiedades fundamentales de las transiciones isotermas y adiabáticas.
Finalmente, demostramos que, incluso con inercia, dicho sistema alcanza la
eficiencia de Carnot. Conceptos importantes como reversibilidad, transiciones
cuasiestáticas, adiabáticas e invariantes fueron discutidos.
• Procesos óptimos a tiempo finito.
Tras haber estudiado muchas de las caracterı́sticas de la eficiencia de Carnot,
debı́amos ser conscientes de que ésta sólo se puede obtener en el lı́mite de
tiempo infinito. Por lo tanto, hablar de la termodinámica a tiempos finitos
en motores Brownianos es un tema importante que no deberı́amos omitir.
Habiendo discutido brevemente el lı́mite Curzon-Ahlborn en el régimen lin-
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Figure 14.8: Esquema de la posición meadia u∗ (t) dado el protocolo óptimo λ∗ (t)
para conseguir el mı́nimo trabajo ejercido a tiempo finito tf en la traslación de
una trampa armónica.

eal, y para ser más explı́citos acerca de la construcción de un sistema viable
en el que tal eficiencia (y probablemente también la de Carnot) se pudieran
alcanzar, consideramos una partı́cula Browniana con inercia y en un potencial de rigidez variable. De manera similar a la de un sistema de pistones,
la idea que tenı́amos en mente era controlar la rigidez de la trampa, realizar
compresiones y expansiones e ir alternando transiciones adiabáticas (con
el fin de cambiar la temperatura). Esto constituirı́a un dispositivo cı́clico.
El cálculo de dichas transiciones no se realizó. En lugar de ello, nos concentramos en el protocolo óptimo que lleva a la mı́nima disipación en una
transición isoterma y de duración finita. Ésta consistı́a básicamente en la
optimización del forzamiento externo, a fin de centrarse en un futuro en la
optimización de todo el ciclo, para quizás obtener eficiencias cercanas a la de
Curzon-Ahlborn. De todas maneras, el problema concreto de optimización
es, de por sı́, de interés particular. Teniendo en cuenta dos casos (una trampa
en movimiento y una de constante variable), encontramos que son necesarios
saltos (picos y funciones delta) al comienzo y al final del protocolo para reducir al máximo el trabajo ejercido y ası́ la disipación [44]. En un principio,
dicha solución parece no ser fı́sica ya que ni saltos ni deltas pueden aplicarse
en experimentos reales. De todas maneras, nuestro resultado teórico es relevante porque implica que no existe ningún protocolo óptimo continuo. Si
bien hemos demostrado que las singularidades en el protocolo óptimo aparecen para el caso armónico, no hay razón para creer que este comportamiento
genérico desaparezca para potenciales anarmónicos. De hecho, en el lı́mite
sobre-amortiguado, un estudio reciente ha demostrado que saltos iniciales y
finales también están presentes en dichos potenciales no lineales. En el caso
del potencial armónico de rigidez k que se desplaza a velocidad constante, el
trabajo mı́nimo que se puede emplear para trasladar el centro de la trampa,
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en un medio con fricción γ, hasta una posicion λf es
W ∗ = kλ2f

1
.
2 + ktf /γ

(14.12)

Esto es posible si utilizamos el protocolo siguiente:
λ∗ (t) = λf

kt/γ + 1
.
ktf /γ + 2

(14.13)

Nótese que presenta discontinuidades iniciales y finales. En la figura 14.8
se muestra un esquema del protocolo óptimo y la velocidad media que dan
lugar al trabajo mı́nimo aplicado.

14.2.2

Bombas Brownianas

La segunda parte de la tesis no está dedicada tanto a cuestiones energéticas sino,
en general, a la utilización del efecto trinquete para otros fines distintos a levantar
cargas. En este caso nos centraremos en el bombeo de partı́culas a través de diferencias de concentración. La primera caracterı́stica que queremos remarcar es que las
bombas Brownianas, a diferencia de los tı́picos motores Brownianos, no tienen por
objeto crear únicamente un flujo de partı́culas en un potencial periódico, sino lograr
y mantener activamente un perfil de densidad entre dos reservas de partı́culas. Por
lo tanto, se puede considerar igualmente el efecto trinquete, pero deben imponerse
condiciones de frontera adecuadas. Este comentario parece intrascendente ya que
la ecuación de Fokker-Planck es casi la misma para los motores y para las bombas. Sin embargo, las condiciones de contorno producen grandes diferencias en las
soluciones. Para empezar, la cantidad importante objeto de estudio no es el flujo
sino el perfil de densidad creado a lo largo de la zona de bombeo (la membrana)
y, en particular, el cociente de concentración en ambos lados de la misma.
• Bomba de ruido blanco.
Como primera aproximación teórica al estudio de estos dispositivos desde
esta nueva perspectiva, consideramos un modelo simple pero fı́sicamente interesante [51]. En vez de una diferencia de temperatura (que fue la responsable de romper la condición de balance detallado) como la utilizada en los
motores estudiados en la primera parte de la tesis, nos planteamos otra fuente
de energı́a para propulsar el efecto trinquete: a través de un potencial que
parpadea. Éste consiste en una modulación en el tiempo que multiplica el
potencial espacial. En particular, en la primera bomba Browniana escogimos
hacer fluctuar el potencial con un ruido blanco Gaussiano. Tal ruido no tiene
nada que ver con el ruido térmico, cuyo efecto también fue incluido para dar
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Figure 14.9: Izquierda: Histograma tı́pico del perfil de densidades ρ(x) en el estado
estacionario a flujo nulo obtenido directamente de simulaciones numéricas. Al final
de ambas reservas de partı́culas imponemos, de manera artificial, condiciones de
contorno reflectoras. Derecha: Lo mismo que en la gráfica anterior pero cuando el
flujo no es nulo. Las condiciones de contorno artificialmente impuestas son, en este
caso, periódicas.
cuenta de las colisiones de las partı́culas del fluido circundante. La caracterización y el estudio de tales modelos se llevó a cabo con resultados analı́ticos.
Además, como una contribución adicional presentamos un marco de simulación para obtener las concentraciones y los flujos predichos teóricamente.
En lugar de resolver numéricamente la ecuación diferencial para la densidad, simulamos la ecuación de Langevin para la dinámica de un conjunto de
partı́culas independientes. Aunque el algoritmo era estándar, la aplicación
de las condiciones de frontera adecuadas nos llevó de manera natural (y para
ambos casos: J = 0 y J 6= 0) a la identificación directa del histograma de las

posiciones de las partı́culas con el perfil de densidad. Ver la figura 14.9. Este
método no requiere insertar y retirar las partı́culas a medida que cruzan la
interfaz que separa la membrana de la reserva de partı́culas. A continuación,
comprobamos que las simulaciones estaban en perfecto acuerdo con todos los
resultados teóricos obtenidos para un potencial en forma de sierra dentada.
Tal esquema numérico podrı́a ser de utilidad en casos en que las predicciones
analı́ticas no fueran posibles. La ecuación de Langevin que utilizamos para
modelizar la bomba Browniana impulsada por ruido blanco es
ẋ = −V ′ (x) − V ′ (x)χ(t) + ξ(t),

(14.14)

donce V (x) es el potencial que es modulado por el ruido χ(t). Todo el sistema
está bajo los efectos de un baño térmico cuya fuerza aleatoria viene dada por
ξ(t).
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Figure 14.10: Cociente de concentraciones ρ1 /ρ0 en función de la barrera de potencial relativa a la energı́a térmica v0 , en condiciones de flujo nulo, J = 0. Los
valores de los parámetros son: λ = 1/3 y α = 0.01. Las lı́neas representan la teorı́a
y los cı́rculos las simulaciones.
El modelo anterior presentaba otro atributo que lo convirtió en más interesante, al menos desde una perspectiva técnica. Matemáticamente, la modulación estocástica del potencial constituye un ruido multiplicativo, esto es,
una función dependiente del espacio que multiplica a un término estocástico.
En el caso en que la inercia está presente, la ecuación que rige la distribución
de probabilidad de posiciones y velocidades de las partı́culas no presenta
ningún problema. Sin embargo, al considerar el lı́mite sobre-amortiguado,
la ecuación de Fokker-Planck tiene el llamado problema de interpretación:
se tiene que especificar si el término multiplicativo sigue la interpretación
de Ito o el criterio de Stratonovich. Dado que cada elección nos lleva a una
solución fı́sica diferente, se debe dilucidar esta cuestión antes de continuar
con el cálculo de la solución y la exploración de los resultados. La teorı́a
avanzada de procesos estocásticos nos dice que el procedimiento por el cual
se hace el lı́mite de la ecuación de Langevin con inercia a su análoga sin
inercia es sensible a si el lı́mite de ruido blanco (que aparece multiplicado
por un termino dependiente de la posición) era previo o no. Esto es, debemos determinar si el ruido multiplicativo era ya blanco (delta correlacionado
en el tiempo) o era un proceso Orstein-Ulhenbeck (exponencialmente correlacionado en el tiempo), cuya correlación fue reducida a cero después de
despreciar los efectos de la inercia. Nuestro caso (tal y como presentamos
el modelo) corresponde a la primera, ası́ pues la interpretación correcta es
la de Ito. Después de descifrar dicha cuestión técnica, procedimos con los
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Figure 14.11: Flujo J/ρ0 en función de ρ1 /ρ0 . Los parámetros del sistema son
λ = 1/3, v0 = 8, α = 0.02 and L = 1. La lı́nea sólida corresponde a la teorı́a y los
cı́rculos a los datos de las simulaciones.
cálculos. Asimismo, cabe señalar que el haber tomado la interpretación de
Stratonovich hubiera significado un factor 2 en el exponente que controla
la relación de concentraciones. Además, se puede comprobar explı́citamente,
con los algoritmos numéricos adecuados, que las dos interpretaciones conducen sistemáticamente a resultados diferentes. Uno de los observables más
importantes es el cociente de concentraciones ρ1 /ρ0 a ambos lados de la
membrana. A flujo nulo encontramos la siguiente expresión:




ρ1
 
= exp v0 
ρ0

1+α

1


v0
1−λ

2 −

1
1+α




  ,
v0 2
λ

(14.15)

donde v0 , α y λ son los parámetros relevantes del modelo. Dicho resultado
se explora frente a v0 en la figura 14.10. En el caso en el que el flujo no se
impone igual a cero, su solución es
J=



kB T
L



ρ0 e−v0 /ω1 − ρ1 e−v0 /ω2
,
N1 + N2

(14.16)

que depende de las siguientes constantes,
N1 =


ω1 
λ 1 − e−v0 /ω1 ,
v0

N2 =



ω2
(1 − λ) 1 − e−v0 /ω2 . (14.17)
v0

En la figura 14.11 se muestra la dependencia lineal del flujo frente al cociente
de concentraciones.
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Figure 14.12: Modelo de la bomba dicotómica: un potencial asimétrico V (x)
parpadea en el tiempo entre su configuración inicial y un estado plano con ritmos de transición wa y wb .

• Bomba de ruido dicotómico.
Después del modelo basado en ruido blanco, decidimos avanzar hacia uno
más realista. Construı́mos un sistema más refinado para una bomba Browniana, cuya energı́a era insuflada mediante fluctuaciones dicotómicas, conocidas como el proceso aleatorio del telégrafo [58]. El potencial cambiaba de
configuración con una probabilidad que se distribuye en el tiempo según dicho proceso estocástico. Ver figura 14.12. Una vez más, resolvimos el modelo
analı́tico exactamente. Lo hicimos para un potencial lineal a trozos tal que las
principales ecuaciones para la distribución de partı́culas quedaran reducidas
a ecuaciones lineales, cuyas soluciones analı́ticas fueron de nuevo posibles.
Por lo tanto, la complicación matemática se redujo a resolver un gran sistema
de ecuaciones lineales para los coeficientes que acompañaban a la forma exponencial de las soluciones. Entonces, debı́amos caracterizar todas las condiciones de frontera necesarias para encontrar todas esas constantes desconocidas (que eran siete en total). Formalmente, el problema pudo resolverse.
Posteriormente, llevamos a cabo una exploración tı́pica de los parámetros
más relevantes. Veamos algunas de las propiedades estadı́sticas que dictan
como los valores que toma el ruido dicotómico, ζa = 0 y ζb = 1, están distribuı́dos. El valor medio de ζ(t) en el tiempo es
hζ(t)i =

wb
,
wa + wb

(14.18)
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Figure 14.13: Esquema del efecto de la concentración de ATP en los ritmos de
transición de parpadeo entre los dos estados del mecanismo dicotómico. Para bajas
concetraciones, el tiempo medio de espera antes de empezar el parpadeo es largo.
El tiempo de recuperación ω0−1 es el que la máquina emplea en levantar el potential
y es una constante intrı́nseca del dispositivo. Para concentraciones altas, la bomba
trabaja saturada a la frecuencia ω0−1 .

mientras que su correlación viene dictada por
h∆ζ(t)∆ζ(t′ )i =

wa wb
′
e−(wa +wb )|t−t | .
2
(wa + wb )

(14.19)

En referencia a las tasas de cambio de las posibilidades de cada estado, nos
decidimos a darles una interpretación biofı́sica más allá de simplemente tratar
con dos parámetros que controlan el término de ruido. La fı́sica importante
consistı́a precisamente en relacionar el mecanismo de parpadear con lo que
serı́a el modo de funcionamiento intrı́nseco de una verdadera bomba molecular. Se sabe que la hidrólisis de moléculas de ATP aporta la energı́a necesaria
para realizar las tareas. Por lo tanto, concebimos nuestro modelo fı́sico estando a la espera de que la molécula de ATP difundiera suficientemente cerca
como para ser capturada por el centro activo de la máquina. Identificamos el
tiempo tı́pico asociado con este proceso con el inverso de la tasa de parpadeo
del potencial. El comportamiento matemático fue modelizado mediante una
ley tipo Michaelis-Menten. En segundo lugar, consideramos que, una vez el
potencial habı́a iniciado el parpadeo, la máquina se tomaba un tiempo aproximadamente fijo para funcionar internamente. Ası́ pues, la segunda tasa que
controlaba la probabilidad de volver al estado original del potencial es una
constante. El ritmo de la probabilidad para el cambio de un estado en espera
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a un potencial plano fue modelizado como
wa ∼ fa = ω0

[AT P ]
,
kM + [AT P ]

(14.20)

donde [ATP] es la concentración de moléculas de ATP y kM es una de las
constantes de Michaelis, cuyo valor ajustamos posteriormente. Para volver a
la configuración inicial tomamos un ritmo constante,
wb ∼ fb = ω0 ,

(14.21)

donde ω0 es el inverso del tiempo caracterı́stico intrı́nseco de funcionamiento
de la bomba. Ver el esquema de la figura 14.13. Después de la medida y el
estudio de la cantidad de partı́culas que dichos dispositivos podı́an bombear,
se nos presentó de nuevo y como algo natural el tema de las consideraciones
energéticas. La eficiencia de las bombas no es fácil de investigar, ya que se
debe analizar la cantidad de energı́a introducida en el sistema en cada fluctuación del potencial y los beneficios que dicha energı́a retribuye. Calculamos
la potencia de entrada y la comparamos con la fuente pertinente de energı́a
biológica, la hidrólisis de ATP, que establece un lı́mite de 20kB T por ciclo.
Por último, encontramos los parámetros óptimos para el funcionamiento de
la bomba y, teniendo en cuenta las limitaciones de energı́a y los valores tı́picos
de los parámetros biofı́sicos, el modelo fue sintonizado con unidades de dimensiones y ordenes compatibles con las de una verdadera bomba molecular.

14.2.3

Teoremas de fluctuación

En el estudio del transporte y la energética de los motores y las bombas Brownianas
durante la primera y la segunda parte de la tesis, sólo se discutieron promedios
estadı́sticos. Dedicamos la tercera y última parte de la tesis a la información escondida en las fluctuaciones. Dicho en otras palabras, el comportamiento de todos
esos dispositivos Brownianos depende del ruido térmico pero, hasta ahora, hemos
venido considerando sólo el primer cumulante de las distribuciones de probabilidad
de ciertos observables. En esta tercera parte nos centramos en los llamados teoremas de fluctuación, que llevan a cabo un revelador escrutinio de las fluctuaciones
de cantidades energéticas de sistemas pequeños fuera de equilibrio.
• Involuciones y distribuciones
Después de presentar un breve panorama de la evolución del campo y citar
las más famosas referencias, optamos por explicar la esencia de las relaciones de fluctuación mediante dos factores: una simple relación matemática
y el sentido fı́sico de las cantidades que son candidatas a cumplir dicha
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relación. Primero introdujimos el concepto de involución, que es cualquier
transformación que aplicada dos veces a una trayectoria genérica estocástica
(o cualquier conjunto de datos) nos da la misma trayectoria. Con dicha idea
es casi inmediato probar la relacion matemática de fluctuación. En segundo
lugar, en función del tipo de involución y del tipo de términos de frontera
seleccionados, obtuvimos una relación de fluctuación para el trabajo ejercido
sobre el sistema, otra para el calor disipado en el estado estacionario, otra
diferente para la producción total de entropı́a e, incluso, una relación de
fluctuación para una cantidad que no tenı́a ningún significado fı́sico general.
Para dar más fuerza a la separación entre matemáticas y fı́sica, ilustramos
con un ejemplo peculiar que, aparte de la inversión temporal, uno podrı́a
en principio escoger otras transformaciones, tales como hacer una imagen
especular de la trayectoria. Eso nos llevarı́a a una nueva relación de fluctuación. Entonces, es evidente que el éxito de estos resultados se basa en el
hecho de que limitan las distribuciones de cantidades fı́sicas relevantes como
el trabajo, el calor y la entropı́a. Hay que tener en cuenta que este tema está
ı́ntimamente relacionado con el trinquete de Feynman, ya que las energı́as y
las fluctuaciones juegan un papel muy importante. Definiendo la cantidad
σ(z) ≡ ln

p(z)
,
p(Iz)

(14.22)

a través de la involución I, es inmediato ver como la siguiente relación de

fluctuación se cumple:

Z
dz p(z)δ(σ − σ(z)) = dz eσ(z) p(Iz)δ(σ − σ(z))
Z
= eσ dy p(y)δ(σ + σ(y)) = eσ p(−σ).
(14.23)

p(σ) =

Z

La relevancia de dicha relación reside pues en si la cantidad σ(z) tiene algún
significado fı́sico o no.
• Fluctuaciones de trabajo.
Los siguientes capı́tulos de la tercera parte fueron sucesivamente titulados
fluctuaciones de trabajo, de calor y fluctuaciones de entropı́a. En el primero,
revisamos la célebre igualdad de Jarzysnki [72] para energı́as libres a partir de
medidas del trabajo fuera de equilibrio. Reprodujimos la versión corta de su
demostración mediante el formalismo Hamiltoniano, integrando sobre puntos Γ del espacio fásico. También dedicamos algunas lı́neas a hablar sobre las
diferentes definiciones posibles de trabajo y su utilidad a la hora de evaluarlas en promedios de exponenciales. Además, algunas cuestiones relacionadas
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Figure 14.14: Transductor Browniano pasivo y su esquema básico de energı́as.

con el baño térmico se discutieron en ese punto. La relación de BochkovKuzolev, que es en realidad la primera relación de fluctuación publicada, se
demostró en la misma lı́nea que la igualdad Jarzynski. A continuación, mediante una combinación del teorema de Crooks [74], identificamos las variables
que son necesarias para dar plena cuenta de la irreversibilidad. Eso fue posible notando que el valor medio del logaritmo del cociente de probabilidades
es lo que en teorı́a de información se llama entropı́a relativa. Ası́ mostramos
que el trabajo contiene la información completa sobre la disipación que, en
principio, deberı́a figurar en todos los grados de libertad microscópicos [94].
Al mismo tiempo, dicho resultado implica una conexión entre el formalismo
estocástico y el Hamiltoniano. La demostración corta (que no simple) de la
igualdad de Jarzynski es
Z
D
E
−βW
e
=
dΓ0 peq (Γ0 ; λ0 )e−βW (Γ0 )
Z
e−βH(Γ0 ;λ0 ) −β[H(Γτ (Γ0 );λτ )−H(Γ0 ;λ0 )]
=
dΓ0
e
Z(λ0 )
Z
1
=
dΓ0 e−βH(Γτ (Γ0 );λτ )
Z(λ0 )
Z
Z(λτ )
1
= e−β∆F .
dΓτ e−βH(Γτ ;λτ ) =
=
Z(λ0 )
Z(λ0 )

(14.24)
(14.25)
(14.26)
(14.27)

El promedio (realizado mediante la repetición de un mismo protocolo λ(t)
arbitrario) de la exponencial del trabajo W (medido en transiciones fuera
del equilibrio) nos da la diferencia de energı́a libre ∆F .
• Fluctuaciones de calor.
A continuación, probamos la aplicabilidad de una relación menos famosa:
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el teorema de fluctuación para el intercambio de calor. A diferencia de los
tı́picos y múltiples estudios de las fluctuaciones de trabajo basados en la
igualdad de Jarzynski, analizamos fluctuaciones de calor [108]. Nuestro principal objetivo era considerar un transductor lineal entre dos baños que simplemente transfiriera calor de uno a otro a través de un mecanismo sencillo
de interacción. Ver figura 14.14. La razón de este capı́tulo era precisamente
comprobar la sensibilidad de la hipótesis de interacción de los pequeños
términos de acoplamiento. Básicamente, encontramos que el teorema debe
ser utilizado con cautela debido a la energı́a almacenada en la interacción,
por muy pequeña que sea. Las fluctuaciones pueden ser lo suficientemente
grandes como para estropear la relación de fluctuación. Por otra parte, el
estado inicial y la duración de la observación conducen a consideraciones
más sutiles. Desde una perspectiva práctica, cualquier intento de escribir un
modelo que conste de cuerpos que intercambian calor necesita una conexión.
Por lo tanto, se puede descuidar la energı́a almacenada en el mecanismo de
conexión, pero su efecto tiene consecuencias importantes. Con respecto a las
condiciones de nuestro enfoque, fue posible obtener expresiones analı́ticas
para la estadı́stica de los momentos de calor. Obtener expresiones similares
en el régimen transitorio, después de poner ambos sistemas en contacto inicialmente, serı́a muy interesante y podrı́a ser objeto de futuras investigaciones. Descartar las correciones de orden e−kt para kt grandes fue de gran
ayuda para obtener analı́ticamente las contribuciones más dominantes del
primer y segundo cumulantes. En dicho lı́mite, aunque la distribución no es
rigurosamente Gaussiana, ya que el calor es un funcional no lineal de un
proceso de Ornstein-Uhlenbeck, nuestros resultados se mostraron dominados
por dicho comportamiento. Este trabajo fue una de las primeras aplicaciones
y pruebas del teorema en sistemas concretos y no ideales. Con el fin de comprender con más detalle el papel del calor, el trabajo y el acoplamiento de
la energı́a, serı́a muy interesante abordar estas cuestiones desde una perspectiva más general y un punto de vista teórico. Entonces podrı́amos ver lo
que ocurre realmente con los transitorios en comparación con la contribución
del estado estacionario. También podrı́amos descifrar su efecto en las colas
de la distribución de calor. Otro tipo de pruebas basadas en dinámicas estocásticas podrı́an estar destinadas a encontrar las correcciones procedentes
de los términos de interacción. La aplicabilidad de estos resultados en determinados modelos teóricos y en los experimentos es de gran importancia para
el descubrimiento y comprensión de los principios de la mecánica estadı́stica
fuera de equilibrio. El teorema para el intercambio de calor Q entre dos
cuerpos durante un tiempo finito, habiendo preparado ambos subsistemas
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Figure 14.15: Distribucion de entropı́a p(R) para fuerzas f = 1 y a tiempo t =
10. El área entre los puntos muestra la parte de la distribución de probabilidad
utilizada en el ”inset”. Ası́, el segundo pico de la distribucion no está incluido
porque la estadı́stica correspondiente a sus valores homólogos negativos es muy
pobre. La relación detallada ln p(R)/p(−R) = R se verifica.

inicialmente en equilibrio, predice [95]
ln

p(+Q)
= ∆βQ.
p(−Q)

(14.28)

El parámetro ∆β es la diferencia del inverso de las temperaturas con las que
los subsistemas estaban preparados antes de iniciar el contacto. El cálculo
de los dos primeros cumulantes de la distribución de calor intercambiado en
el transductor de la figura 14.14 da como resultado:
k
(T2 − T1 ),
2
k
= t (T2 + T1 )2 .
4

hQi = t
σ2

(14.29)
(14.30)

• Fluctuaciones de entropı́a.
El último de los recursos de ”tiempo, espacio y energı́a” de la tesis fue para
las fluctuaciones de entropı́a. El lector audaz y perspicaz podrı́a protestar al
oı́r hablar de fluctuaciones de entropı́a. Lo que sucede es que nos referimos
a una entropı́a definida en el ámbito de una trayectoria estocástica, como
propuso Seifert [78]. Se puede demostrar fácilmente que la producción total de entropı́a (la suma de la producida en el medio ambiente como calor
más la asociada intrı́nsecamente a la partı́cula) también sigue una relación
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de fluctuación. Nosotros consideramos un sistema sencillo en un estado estacionario de no equilibrio para estudiar con detalle muchas de las predicciones
y las consecuencias derivadas de tal resultado [113]. En particular, mediante
la elección de un potencial periódico adecuado, escribimos una expresión
explı́cita y fı́sicamente significativa de la producción de entropı́a a lo largo
de una trayectoria estocástica. Simulaciones numéricas de la dinámica de la
ecuación de Langevin fueron necesarias para la evaluación de las funciones
de distribución de la probabilidad de la entropı́a (figura 14.15). Este trabajo nos proporcionó una comprensión más profunda de la especificidad,
significado y aplicación práctica de dichos resultados. Al mismo tiempo,
abrió la puerta al estudio de casos nuevos y más complejos tales como la
interacción de partı́culas o el efecto de los sustratos dependientes de la temperatura. Además, serı́a muy interesante analizar en el futuro fluctuaciones
observadas en sistemas biológicos, tales como motores moleculares, en virtud
de la perspectiva de las relaciones de fluctuación. Los estudios sobre la base
de modelos fı́sicos son cruciales para ilustrar los ingredientes clave y prever
las consecuencias de estos resultados teóricos sobre experimentos reales. Por
lo tanto, hacen de puente entre los avances fundamentales de la mecánica
estadı́stica y los recientes y abundantes experimentos en sistemas biológicos.
La expresión para la producción total de entropı́a, ∆stot , al nivel de una
trayectoria estocástica es
R ≡ ln

p[x(t)|x0 ]
p0 (x0 )
+ ln
= ∆sm + ∆sp = ∆stot ,
p̃[x̃(t)|x̃0 ]
p1 (x̃0 )

(14.31)

donde ∆sm es la producción en forma de calor que va a parar al medio
y ∆sp es la entropı́a asociada a la partı́cula. Dicha expresión matemática
tiene significado fı́sico y, además, cumple de manera muy general la siguiente
relación (detallada) de fluctuación:
ln

p(+R)
= R.
p(−R)

(14.32)
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14.3

Conclusiones

En las últimas décadas ha habido avances muy considerables desde el punto de
vista de la capacidad experimental de examinar el comportamiento de sistemas en
la nano escala y, en particular, de moléculas biológicas que son elementos clave
en la existencia de la vida. Paralelo a dichos avances experimentales, ha habido
también un gran progreso desde el punto de vista teórico a la hora de aplicar las
leyes básicas de la fı́sica y la quı́mica para expandir nuestra comprensión de los
principios moleculares de la vida. Es cierto que la termodinámica es de gran ayuda a
la hora de proporcionar herramientas y esquemas mentales para comprender dichos
procesos y realizar tales tareas. Sin embargo, las fluctuaciones que proceden del
llamado ruido térmico introducen un elemento de aleatoriedad muy importante
y totalmente desconocido, irrelevante e inadvertido en los dispositivos a escalas
macroscópicas. De hecho, las fluctuaciones que un sistema siente cuando está en
equilibrio térmico son bien conocidas y están perfectamente caracterizadas por
la mecánica estadı́stica, cuyos padres son Maxwell, Boltzmann y Gibbs. Incluso
disponemos de herramientas para saber cómo responde el sistema frente a pequeñas
fluctuaciones externas. Sin embargo, eso parece ser todo, ya que al ir lejos del
equilibrio, no sabemos prácticamente nada del comportamiento de los sistemas y
de sus fluctuaciones.
Desde una perspectiva puramente teórica (que es precisamente el carácter de
esta tesis) hemos abordado ambos conceptos: las fluctuaciones y el no-equilibrio.
Ası́ pues hemos dedicado esta tesis al estudio de distintos aspectos que contemplan ambas ideas, ya sea analizando el ”ratchet” de Feynman y la relación de su
eficiencia con la segunda ley de la termodinámica, ya sea modelizando dicho motor
a partir de otros modelos descritos por ecuaciones de Langevin y estudiando cuantitativamente su eficiencias. Además, hemos entendido el efecto ”ratchet” y hemos
construido sistemas sencillos en los que controlábamos el flujo de partı́culas. Aparte
de motores de dos temperaturas (ideales para discutir el lı́mite de Carnot), hemos
trabajado también en problemas de optimización en sistemas Brownianos. Otro
tipo de máquinas han sido estudiadas, las bombas Brownianas, caracterizando sus
propiedades con relaciones obtenidas analı́ticamente y mediante esquemas de simulación que nos permitieron contrastar los resultados con dichas predicciones. En
la última parte de la tesis hemos aprendido cómo funcionan los llamados teoremas de fluctuación y hemos descubierto, mediante varios ejemplos, cuáles son las
sutilezas a la hora de aplicarlos.
En resumen, en esta fascinante aventura hemos aprendido muchas cosas y,
la más importante y esperanzadora de todas es que todavı́a queda mucho por
descubrir en el apasionante mundo de las fluctuaciones y los sistemas alejados del
equilibrio.
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Publications
This thesis has been assembled mostly with works that have already been published. Other material is still unprinted. Yet there are other pieces that, although
being published, have not been included for several reasons. Moreover, some recent ideas are in the making and do not appear here. Anyhow, the overall list of
original results produced and published during my doctoral studies can be found
as follows:
• ”Symmetric Brownian motor”

A. Gomez-Marin and J. M. Sancho, Phys. Rev. E 71, 021101 (2005).

• ”Ratchet, pawl and spring Brownian motor”

A. Gomez-Marin and J. M. Sancho, Physica D 216 (2006) 214-219.

• ”Heat fluctuations in Brownian transducers”

A. Gomez-Marin and J. M. Sancho, Phys. Rev. E 73, 045101(R) (2006).

• ”Reply to Comment on ’Heat fluctuations in Brownian transducers’ ”
A. Gomez-Marin and J. M. Sancho, Phys. Rev. E 74, 063102 (2006).

• ”Tight coupling in thermal Brownian motors”

A. Gomez-Marin and J. M. Sancho, Phys. Rev. E 74, 062102 (2006).

• ”Test of the fluctuation theorem for stochastic entropy production in a
nonequilibrium steady state”
A. Gomez-Marin and I. Pagonabarraga, Phys. Rev. E 74, 061113 (2006).

• ”Fluctuacions en sistemes petits”

A. Gomez-Marin, Omnis Cellula 11, 32 (2006).

• ”Self-Sustained Spatiotemporal Oscillations Induced by Membrane-Bulk
Coupling”

A. Gomez-Marin, J. Garcia-Ojalvo and J. M. Sancho, Phys. Rev. Lett. 98,
168303 (2007).
Article selected for the May 2007 issue of the Virtual Journal of Biological
Physics Research.
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• ”Analytical study of a flashing molecular pump”

J. M. Sancho and A. Gomez-Marin, Proceedings of SPIE, Volume 6602,
6602OB-3 (2007).

• ”Brownian pump powered by a white-noise flashing ratchet”

A. Gomez-Marin and J. M. Sancho, Phys. Rev. E 77, 031108 (2008).

• ”The ’footprints’ of irreversibility”

A. Gomez-Marin, J. M. R. Parrondo and C. Van den Broeck, Europhys. Lett.

82, 50002 (2008).
• ”Lower bounds on dissipation upon coarse graining”

A. Gomez-Marin, J. M. R. Parrondo and C. Van den Broeck, Phys. Rev. E
78, 011107 (2008).

• ”Optimal protocols for minimal work processes in underdamped stochastic
thermodynamics”

A. Gomez-Marin, T. Schmiedl and U. Seifert, J. Chem. Phys. 129, 024114
(2008).
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